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Abstract 



Using the bosonic supercurrent (or covariant lattice) formalism, we review 
how to compute scattering amplitudes in asymmetric orbifold string models. 
This method is particularly useful for calculating scattering of multiple asym- 
metrically twisted string states, where the twisted states are rewritten as or- 
dinary momentum states. We show how to reconstruct some of the 3-family 
grand unified string models in this formalism, and identify the quantum num- 
bers of the massless states in their spectra. The discrete symmetries of these 
models are rather intricate. The superpotentials for the 3-family Eq model 
and a closely related SO{W) model are discussed in some detail. The forms of 
the superpotentials of the two 3-family SU (6) models (with asymptotically- 
free hidden sectors SU{3) and SU{2) (g) SU{2)) are also presented. 
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I. INTRODUCTION 



A phenomenologically interesting string model must contain the standard model of strong 
and electroweak interactions in its low energy effective field theory limit. Many of such 
realizations are constructed as orbifolds, both symmetric and asymmetric 0], of the 4- 
dimensional heterotic string. Recently, 3-family grand unified string models were constructed 
via asymmetric orbifolds @]. Analyses of these models would require the determination of 
the couplings of states in their spectra. The main goal of the present work is to provide 
a prescription for calculating their correlation functions and scattering amplitudes. In the 
process, the quantum numbers of the massless states are found and the selection rules of 
their couplings are determined. 

The prescription for calculating any correlation function in orbifold conformal field theory 
is given in Ref 0]. However, the actual calculations can be quite non-trivial 0, when the 
couplings of twisted string states are involved. The problem becomes even more difficult in 
asymmetric orbifold models, where one typically encounters some ambiguities which are not 
easily resolved. 

In contrast to symmetric orbifolds, where the original lattice of the 6 compactified dimen- 
sions {e.g., the compactification radii) can be arbitrary, consistency of asymmetric orbifolds 
imposes strong constraints on the allowed lattices, typically with enhanced (discrete or local) 
symmetry. This enhanced symmetry allows us to treat twists as shifts in the momentum 
lattices, in the so-called bosonic supercurrent (or covariant lattice) formalism [^|^ . Twisted 
states in an asymmetric orbifold now become ordinary momentum states in this bosonic 
supercurrent formalism; so their quantum numbers are straightforward to identify and cal- 
culating their correlation functions becomes relatively easy. 

In this paper, we shall first review this bosonic supercurrent formalism, and discuss 
briefly its rules for model-building. This formalism is a generalization of the free fermionic 
string model construction §]. So their rules for model-building are quite similar. Next we 
discuss the prescription for calculating the correlation functions, in particular for the twist 
states. All the couplings can be determined from the correlation functions, or the scattering 
amplitudes. For clarification, we shall apply this approach to the original Z3 symmetric 
(at special radii) and asymmetric models Then we shall discuss the construction of 

higher-level string models. Our goal is to apply this formalism to determine the couplings 
in the 3-family grand unified models constructed recently. After we explain the prescription 
for calculating the couplings, the form of the superpotential for a number of these models 
will be presented. Their phenomenological implications will be discussed elsewhere. 

Within the framework of conformal (free) field theory and orbifolds, we find only one 
3-family Eq model with a non-abelian hidden sector Here, we give its construction in 
the bosonic supercurrent formalism, where we see that its discrete symmetry and the charge 
assignments in the spectrum are quite non-trivial. There are two orbifold constructions of 
this model, where some of the twisted states in one orbifold appear as untwisted states in 
the other orbifold. The supercurrents in these two constructions are rather different in the 
bosonic supercurrent formalism; however, the form of the superpotential (at least at tree- 
level) turns out to be the same. The same procedure to obtain the forms of superpotentials 
is also applied to the two interesting 3-family SU{6) models, one with an SU{3), and the 
other with an SU{2) ® SU{2), asymptotically-free hidden sector. 
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Without much work, we can obtain the superpotential for the 3-family grand unified 
models (or standard-hke models) that can be obtained by giving the Eq adjoint Higgs an 
appropriate vacuum expectation value. We illustrate this with the 3-family SO (10) model 
that can be obtained this way, and which was constructed as an orbifold before. 

The plan is as follows: some preliminary discussions are given in section II, where the 
basic idea, the advantage, and the issues of the bosonic supercurrent formalism are reviewed. 
The orbifold rules for level- 1 models are discussed in section III and that for higher- level 
models are discussed in section IV. Here, the prescription for calculating correlation functions 
is also discussed. Since the rules for model-building are given in the light-cone gauge, 
we explain how to calculate the scatterings in the covariant gauge. Section V contains 
a discussion of the original Z3 symmetric (at special radii) and asymmetric models. The 
construction of the 3-family Eq grand unified model in this formalism is discussed in Section 
VI, where some terms in its superpotential is also presented. The SO (10) model is discussed 
in Section VII. Section VIII discusses the SU{6) models. The quantum numbers of the 
massless spectra of these models and the form of the relevant supercurrents are given in the 
tables. Section IX contains some concluding remarks. 



II. PRELIMINARIES 

To be specific, let us consider 4-dimensional heterotic string models within the conformal 
field theory (CFT) framework, where free fields are used. Consider such a model with a 
Lorentzian lattice F^'^^. An orbifold is realized via modding out this lattice by a point group 
P, i.e., a group of discrete rotations, or twists. We shall restrict ourselves to Abelian twists 
only. Let X{z) be one of the right-moving complex chiral bosons in the 6 compactified 
dimensions in F^'^^. In terms of 2 real bosons, X = {Xi + %X-2)j^2. For a Z^v twist, in the 
neighborhood of a twist field located at the origin, X{z) undergoes a phase rotation 

9X(2e-2") = exp(-27riA;/A^)9X(^) , (1) 

which is called the monodromy of X. (Note that k is an integer.) The basic twist field ct(z) 
has conformal weight h = k{l — k/N)/2N. It twists X by exp{—27rik/N) and its complex 
conjugate X by exp{27Tik/N), i.e., their operator product expansions (OPEs) are 0] 

idX{z)a{w) = (^-IZ;)"(^-^/^V(wJ) + ... , 

idX{z)a{w) = {z- I7;)-'=/^r'(w) + ... , (2) 

where r and r' are excited twist fields. 

Suppose we can rewrite the idX as exponentials of a pair of boson fields 0i and 02, 

idX{z) = exp(ie ■ 0(z)) + ... . (3) 

Here e is a 2-dimensional vector and the conformal weight h = 1 condition requires = 2. 
Then, the phase rotation of dX in Eq. (|ID becomes a shift in (p 

(f){ze-^^') = (f){z) - 2nu , (4) 

where e-u = k/N; that is, a twist on dX becomes a shift in 0. To recover the correct OPEs 
of dX and dX, it turns out that the dX must be written as a linear combination of such 
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exponential terms. The proper monodromy condition of idX then imphes that must be 
compactified in some lattice. provides a particularly useful basis if the supercurrent, as 
well as the twist fields such as a and r, can also be written in terms of ordinary momentum 
states. This is the basic idea of the bosonic supercurrent formalism 0. 

Let us see more explicitly how this conversion of twists to shifts can be realized, and the 
advantages of this approach. In this paper, we are mostly interested in Z2 and Z3 twists. For 

= 3 in Eq. (p, the lattice must have a Z3 symmetry, so the U{1)^ symmetry enhances to a 
SU (3) symmetry. Here, dXi and 8X2 are the Cartan generators and the six root generators 
are given by e^*'^"'"^^^)c(±eQ,), a = 1, 2, 3, where the 2-dimensional vectors ei and 62 are the 
simple roots of SU{3) and we define 63 = — ei — 62- Note that ■ e/3 = 2 for a = /?, and 
— 1 otherwise. For convenience, we shall not always explicitly display the cocycle operator 
c(±eQ,): its presence is understood. 

In the standard orbifold formalism, the supercurrent for the right-movers can be written 

as 

Tf = '^tPdX + h.c. + ... , (5) 

where is a. world-sheet complex fermion. Since each e^*"**^"'"^ has conformal weight 1, same 
as the idX, we may choose to rewrite the supercurrent in terms of the SU{3) roots. The 
choice is constrained by the condition that they must obey the same OPEs as idX and 
idX. For any Lie algebra, one can always find such a subalgebra by rotating the Cartan 
generators to the root system of the algebra. The new U{1) generators will always be a 
linear combination of the root generators. For SU{3), the choice is unique, 

idX = ^Y1 e"*'"'* , idX = ^Yl e'"""^ ■ (6) 
V3 a v3 a 

Now, there are three twist fields cTq, in the Z3 twisted sector. In this basis, it is easy to check 
that, 

idX(z)ao,{w) = {z- wy^/''T^{w) + ... , (7) 
zdX(z)a^{w) = {z-w)-'/''t'^{w) + ... , 

and these OPEs agree with Eq. for = 3, where 

1 1 



V3 ' " y3^_^„ 

Note that is a linear combination of the corresponding vertex operators for two states 
with the same highest weight. 

The usefulness of the bosonic supercurrent formalism is now clear. The untwisted states 
lie in the original lattice while the twist states lie in the shifted lattice. Since they are all 
expressed in terms of ordinary momentum states, their normalizations and degeneracies, as 
well as their OPEs with each other, are easy to calculate. 

For a Z2 twist, it is sometimes convenient to decompose X into 2 real bosons, X\ and X2. 
If the compactification radii of the bosons are 1, we can use the fermion-boson equivalence 
in GET to rewrite each Xi as a complex fermion. So, for orbifolds with only Z2 twists, 
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the internal parts of the supercurrent can be rewritten entirely into world-sheet fermions. 
This is the free fermionic string model construction P]. In the next section, we shall give 
the rules for model-building using this bosonic supercurrent formalism. Since some of the 
3-family grand unified models can be constructed with the bosonic supercurrent formalism, 
it is natural to use this formalism to calculate the couplings in these models. 

In the examples with only level- 1 current algebras, we shall use the above supercurrent 
with (^) involving the SU{3) lattice. For the 3-family grand unified models, the supercur- 
rents are more complicated. Consistency with the transformation of specific twists to shifts 
in a given orbifold model essentially fixes the supercurrent. As mentioned earlier, there are 
two equivalent constructions of the 3-family Eq model. In one construction, namely, the 
El model, the supercurrent involves a Eq lattice and its SU{3)'^ sub-lattice; while, in the 
other construction of the same model, namely, the E2 model, the supercurrent involves the 
appropriate SU{2)^, SU{6) and SU{3Y sub-lattices of Eq. 

III. MODEL-BUILDING RULES 

In this section we give the rules for constructing Abelian asymmetric orbifolds using the 
bosonic supercurrent formalism. The rules that we present here are less general than the 
ones in Ref because we confine our attention to a more limited class of orbifolds. Never- 
theless, some of the three-family grand unified models found recently can be constructed 
within the present framework. Moreover, this formalism is particularly useful in computing 
couplings and identifying quantum numbers (both local and discrete) of the physical states. 
Throughout the paper, we consider only heterotic strings compactified to four space-time 
dimensions. 

A. Framework 

In this subsection we set up the framework for the remainder of this section. In the light 
-cone gauge which we adopt, we have the following world-sheet degrees of freedom: one right- 
moving complex boson (which along with its left-moving counterpart corresponds to two 
transverse space-time coordinates); three right-moving complex bosons X^'^'^ (corresponding 
to six internal coordinates); four right-moving complex fermions ip"', a = 0,1,2,3 {ip^ is 
the world-sheet superpartner of {X^Y, whereas ip^^'^'^ are the world-sheet superpartners of 
{X^''^'^y); two left-moving real bosons Xj^, /i = 1,2 (these are the left-moving counterparts 
of the two real bosons Xj^ corresponding to X^ via X° = (X^ + iX^) / \^)] 22 left-moving 
real bosons (p^, A = 1, ...,22 (corresponding to twenty-two internal coordinates). Before 
orbifolding, the corresponding string model has N = A space-time supersymmetry and the 
internal momenta span an even self-dual Lorentzian lattice F^'^^. The underlying conformal 
field theory of the internal degrees of freedom is given by Gl®Gr where Gl and Gr are the 
left- and right-moving level- 1 Kac- Moody algebras with central charges = 22 and cr = 9. 
The right-moving Kac-Moody algebra consists of two factors, i.e., Gr = Qr® 50(6)1 
where Qr is a level 1 Kac-Moody algebra (with central charge 6) corresponding to the 
right-moving part of the lattice F^'^^ and SO{&)i (with central charge 3) comes from the 
right-moving fermions. After orbifolding the underlying conformal field theory becomes 
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{G'j^ ® Cl) ® {G'ji ® Cr). Here G"^ and G'^ are left- and right-moving Kac-Moody algebras, 
and Cl and Cr arc certain coscts that arise in the breakings Gl = Ql ^ Q'l ^i^d Qr D Q'^, 
respectively. (Note that since we are considering Abelian orbifolds, the 5*0(6) subgroup of 
Or breaks to a level-1 subgroup, and the corresponding coset is trivial.) In this section, we 
restrict ourselves to the cases where after orbifolding, the left- and right-moving Kac-Moody 
algebras are realized at level 1 and the cosets are trivial. The rules for higher level models 
will be discussed in the next section. 

It is convenient to organize the string states into sectors labeled by the monodromies of 
the string degrees of freedom. Consider the right-movers 

^■^(ze-^"*) = exp(-27riV;")7/''^(^) , 
aX"(ze-^'^0 = exp(-27ri7;")aX"(^) . (9) 

Here we note that Tf must always be zero as X^{ze^'^\ze~'^'^'^) — X^{z,z) since X^{z,z) = 
X]^{z) + X^{z) correspond to space-time coordinates. Let us define Sj = V^. The sectors 
with Sj G Z give rise to the space-time bosons, whereas the sectors with Sj G Z + 1/2 give 
rise to space-time fermions. The monodromy of the supercurrent 

1 3 

Tf = -J^i'^dX" + h.c. . (10) 

2 a=0 

is given by Sj, i.e., Tpize''^'"'') = exp(— 27riSj)Tp(^). This, in particular, implies the triplet 
constraint on the supercurrent: 

ya j^T^^Si (mod 1) , a = 0, 1, 2, 3 . (11) 

The twists on can be written as shifts if we bosonize the complex fermions: 

= exp(ip") , 

= expi-ip") . (12) 

This latter form will be useful when we rewrite the triplet constraint for the bosonic super- 
current. 

Because of the worldsheet N = 2 superconformal field theory (SCFT) (which is necessary 
for = 1 space-time supersymmetry), there is a conserved right moving U{1) current 

Y{z)=tj:p%z). (13) 

a=l 

Therefore the supercurrent can be divided into two pieces Tf{z) = Tp(z) +Tp{z) with U{1) 
charges ±1. The energy momentum tensor T, the supercurrent Tp together with Y form a 
global N — 2 superconformal algebra 

, fc 2T(0) dT(0) 
I [z)If{0) =2 \ h ■•■ , 



6 



T+(^)T^-(0)~ j3+^ + ^ + ^^ + --- , (14) 



y(z)r^(o) 



z 

r(^)F(o) ~ =2 + 



where only the singular terms are shown. In our case, c = |c = 8. (The space-time part of 
the supercurrent carries c = 2 and the internal part has c = 6.) 

Let us consider the cases where the Kac-Moody algebra Q'^ corresponding to the right- 
moving part of the lattice is realized at level 1 and has central charge 6. Then there exist six 
right-moving real bosons (^^ such that are the vertex operators for the Cartan generators 
of Q'^. As discussed in the previous section, in order to rewrite the twists in dX'^ as shifts 
in 0^, dX'^ must take the following form: 

%dX'^= C{Q)Jq, a = 1,2, 3, (15) 

where 

Jq{z) = expizQ ■ <f){z)) ciQ) . (16) 

We have introduced six-dimensional real vectors Q = {Q^, ■■■,Q^) which are root vectors of 
Qii with length squared 2. This ensures that idX"- has conformal dimension 1. The c{Q) 
are cocycle operators necessary in the Kac-Moody algebra. Note that Jq are Kac-Moody 
currents for root generators. The supercurrent is therefore a linear combination of terms 
with different H and Q charges. 

Here ^"(Q) are numerical coefficients constrained by the OPEs: 

dX''{z)dX\0) - regular , 

dX''{z)dX''\0) ~ -z-^S"^ + regular . (17) 

The monodromies {V°',T?') for ip"' and dX"' can now be translated into monodromies 
(V;^^7/) of and (j)^: 



^^ize-^^') = (hUz) 



27rf// . (18) 



In this basis, the triplet constraint on the supercurrent becomes 

r(<5) = unless Vt + Ui-Q = Si (mod 1) . (19) 
In terms of the chiral bosons Pa and 0^, the energy momentum tensor T is given by: 

m = -\ UdPaf - I Ud<Pr - I U9X'n? ■ (20) 

The above form of T together with the bosonic supercurrent Tp and Y satisfy the N = 2 
SOFT (0). 
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Having discussed the right-moving degrees of freedom, let us turn to the left-movers. 
Since Q'^ is realized at level 1 and has central charge 22, we have the following monodromy 
conditions on the fields ip^: 



<^^(;2e^") = y,^{z) + 27iU^ . (21) 

The monodromies V^, [//, Uf can be conveniently combined into (10, 22) dimensional 
Lorentzian vectors (with metric 

V^ = mu!\\Uf). (22) 

The monodromies Vi can be viewed as fields $ (where $ is a collective notation for pa, (p^ 
and (f^) being periodic ^{ze^'^\ze~'^'^^) = ^{z,z) up to the identification $ ~ g(yi)^g~^(yi), 
where g{Vi) is an element of the orbifold group G. For G to be a finite discrete group, the 
element g{Vi) must have a finite order rrii G N, i.e., g"^^{Vi) = 1. This implies that the 
vector Vi must be a rational multiple of a vector in A"^ (g) F^'^^, that is, rriiVi G A"^ (g) F^'^^. 
Here A^ is the odd self-dual Euclidean lattice spanned by the four-dimensional vectors p 
that correspond to the vector v and spinor s irreps of 5*0(8)1. Thus, this lattice can be 
described as being spanned by vectors of the following form: p = {p^ , p^ , p'^ , p^) , where either 

G Z and J^aP"" G 2Z + 1 (the momenta corresponding to the v irrep), or G Z + ^ and 
SaP" ^ 2Z (the momenta corresponding to the s irrep). Here we note that we could have 
chosen A^ to be spanned by the the four- dimensional vectors p that correspond to the vector 
V and conjugate c irreps of S0{8)i. This freedom in choosing the lattice A^ is immaterial, 
and is related to the choice of the structure constant /cqo to be introduced below. 

To describe all the elements of the group G, it is convenient to introduce the set of 
generating vectors {V^} such that aV = if and only if = 0. Here is the null vector. 



i.e., the vector of the form (22) with all its entries being null: 

= (0>^||022) . (23) 

Also, aV = J^i.c^iVi (the summation is defined as, say, (Vi + Vj)'^ = Vf" + being 
integers that take values from to mj — 1. The elements of the group G are then in one- 
to-one correspondence with the vectors aV and will be denoted by g{aV). It is precisely 
the Abelian nature of G that allows this correspondence (by simply taking all the possible 
linear combinations of the generating vectors Vi). 

Now we can identify the sectors of the model. They are labeled by the vectors aV, 
and in a given sector aV the monodromies of the string degrees of freedom are given by 
^^^g27ri^ ^g-27r2-j _ g(^(yY"j^(^z ^^"j g-^(^(yY"j _ It is clcar that the sectors with as G Z give rise to 

the space-time bosons, whereas those with as G Z + 1/2 give rise to the space-time fermions. 
Note that a sector described by the vector 

Vo = i{-lr\OV) (24) 

is always present in any orbifold model. This is related to = 4 SUSY of the original 
Narain model [^. In other words, the Vq sector is the Ramond sector of the Narain model, 
whereas sector is the Neveu-Schwarz sector. It is convenient to include this sector Vq into 
the set of generating vectors {V} (then i = 0, 1,2, ...). Since we have included Vq into the 
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set {Vi}, without loss of generality we can set Si = for z 7^ 0. Then the space-time bosons 
come from the sectors aV with ag = 0, and the space-time fermions come from the sectors 
aV with ao = 1. (Note that mg = 2.) With this definition, we can relax the constraint on 
rriiVi, and require that rriiVi G F®'^^. The odd self-dual lattice A'^ for the Narain model 
will then emerge as a consequence of the spectrum generating formula (see below). 

We use the light-cone gauge in deriving the rules for computing the spectrum of a string 
model, since it is manifestly ghost-free and so all the states constructed are physical. How- 
ever, it is more convenient to discuss scattering in the covariant gauge. Some of the issues 
such as picture changing will be more clear in the covariant approach. The translation from 
the light-cone gauge to the covariant gauge is straightforward. Given a vertex operator in 
the light-cone gauge, we can construct a vertex operator in the covariant gauge by simply 
covariant izing the light-cone coordinates and putting in the ghosts. 

In the light-cone gauge of 4-dimensional heterotic string with = 1 space-time su- 
persymmetry (SUSY), massless physical states are created by vertex operators of the form 
V{z,z) = V{z)V{z), where V{z) is a left-moving vertex operator of conformal dimension 
1 (the vacuum energy in the left-moving sector is —1 in the untwisted sector), and V{z) 
is a right-moving vertex operator of conformal dimension 1/2 (the vacuum energy in the 
right-moving sector, which has = 1 local world-sheet supersymmetry and N = 2 global 
SUSY, is —1/2 for bosons in the untwisted sector). 

In the covariant gauge, we have in addition to the light-cone degrees of freedom: two lon- 
gitudinal space-time coordinates, two longitudinal components of the right-moving fermions, 



reparametrization ghosts b and c, and super conformal ghosts P and 7 |T^. It is most con- 
venient to bosonize the /5, 7 ghosts: 

/? = aee-^ 7 = ^e^ (25) 

where ^ and rj are auxiliary fermions and is a bosonic ghost field obeying the OPE 
4>{z)(f){w) ~ log(z — w). The conformal dimension of e'^'^ is —^q{q + 2). In covariant gauge, 
vertex operators are of the form V{z,z) = V{z)V{z) where V{z) and V{z) are both di- 
mension 1 operators constructed from the conformal fields. These include the longitudinal 
components as well as the ghosts. The vertex operators for space-time bosons carry integral 
ghost charges {q G Z) whereas for space-time fermions the ghost charges are half-integral 
(g G Z -|- |). Here, q specifies the picture. The canonical choice is g = — 1 for space-time 
bosons and q = —\ for space-time fermions. We will denote the corresponding vertex op- 
erators by V-^i{z,z) and V_i{z,z) respectively. Vertex operators in the q = picture (with 
zero ghost charge) is given by picture- changing : 

Vo{z,z) = \im_e'^TF{z)V_i{z,w) . (26) 

Because the supercurrents in the 3-family grand unified models have many terms, Vq can be 
somewhat involved. 

Having constructed the vertex operators for the massless states, one can in principle com- 
pute the scattering amplitudes, or the corresponding couplings in the superpotential. The 
coupling of M chiral superfields in the superpotential is given by the scattering amplitude 
of the component fields in the limit when all the external momenta are zero. Due to holo- 
morphicity, one needs to consider only the scatterings of left-handed space-time fermions. 
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with vertices V^i/2{z,z), and their space-time superpartners. Since the total ghost charge 
in any tree-level correlation function is —2, it is convenient to choose two of the vertex 
operators in the — 1/2-picture, one in the — 1-picture, and the rest in the 0-picture. Using 
the SL{2, C) invariance, the scattering amplitude is therefore 

Am = g^l~'^ J c?Z4c/^4---cizAfC?^Af(K_i(0,0)V^_i(l,l)Vli(oo,oo)V^)(z4,^4)---V'o(2;Af,^Af)) , 

(27) 

where we have normalized the c ghost part of the correlation function (c(0, 0)c(l, l)c{oo, oo)) 
to 1. 



B. Orbifold Rules for Level- 1 Models 



We are now ready to give the rules for constructing consistent orbifold models with 
multiple twists using the bosonic supercurrent formalism. We will not give the derivation of 
these rules as they can be deduced from Ref which contains more generic (and, therefore, 
more complicated) rules. Instead, we just list all the requirements that a consistent model 
must satisfy. In this subsection we will concentrate on models that have no non-trivial left- 
moving coset Cl. Models with left-moving twists (such as outer automorphisms) will be 
considered in the subsequent sections. 

For a string model to be consistent, it must satisfy the following constraints which we 
impose: 

(1) Modular invariance. One-loop partition function must be invariant under S and T mod- 
ular transformations. 

(2) Physically sensible projection. The physical states should appear in the partition func- 
tion with proper weights and space-time statistics. The space-time bosons contribute -|-1 to 
the one loop vacuum amplitude while space-time fermions contribute —1. 

(3) Worldsheet super symmetry. This is essential for space-time Lorentz invariance. In order 
for the total supercurrent to have well defined boundary condition, the space-time supercur- 
rent and the internal supercurrent defined above should have the same monodromies. This 
is guaranteed by the triplet constraint ([191) . Furthermore, the OPEs in (p!7|) impose extra 
conditions on the coefficients C,°'{Q) in Tp. This ensures the N = 2 superconformal algebra 
is satisfied. 

We start from a Narain model with the momenta of the internal bosons spanning an 
even self-dual Lorentzian lattice F^'^^. We introduce a set of generating vectors {Vi} that 
includes the vector Vq. Next, we find the structure constants kij that satisfy the following 
constraints: 



kij + kji = Vi ■ Vj (mod 1) , (28) 

kii + kio + Si--Vi-Vi = (mod 1) , (29) 

kijrrij = (mod 1) . (30) 

Note that there is no summation over the repeated indices here. The dot product of two 
vectors is defined with Lorentzian signature ((— )^°, (+)^^), i-G., 
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a 

= -Y^vtv^ -Y.ul-u',+Y.uf-uf . (31) 

a I A 

Here we have combined the components Uj and Uf" into a single (6, 22) dimensional vector 
Ui. Note that this vector is a rational multiple of a vector in F®'^^, and, in particular, 
niiUi G r^'^^. The dot product of two vectors Ui and Uj is then defined in the same way as 
for two vectors in F^'^^. 

The above rules are not sufficient for the model to be consistent. There must exist a 
supercurrent which satisfies the triplet constraint ([T9|) for all generating vectors Vi. Further- 
more, the OPEs in ( P!7D impose extra conditions on the coefficients ^"(Q) in Tp. Thus, the 
rules that constrain the set {V^, kij} together with the existence of the required supercurrent 
give the necessary and sufficient conditions for building a consistent string model. 

The sectors of the model are aV. In a given sector aV the states are nothing but the 
momentum states of pa, (p^ and (f^. This means that the vertex operator for a given 
state has the form (in the covariant formalism where X^, p = 0,1, 2, 3, are four space-time 
coordinates) 

V{z,z) = l>(z,^)exp(z^if,p,(z) +^^QV(^) +*EQV(^))exp(^fc^A'^(z,^)) , (32) 

a I A 

where V{z,'z) is a combination of ghost fields, derivatives of X^, pa, 4>^ and {i.e., this is 
the corresponding oscillator excitation contribution), and an appropriate cocycle operator. 
The normal ordering is implicit here. Let us combine the if-charges Ha, Q-charges , and 
the gauge charges Q"^ into a (10, 22) dimensional momentum vector Pay- Then the physical 
states are those that satisfy the following spectrum generating formula: 

Vi ■ Pav = Si + Y^ kijUj (mod 1) , (33) 

i 

and the momenta Pav € F^'^^ + aV . Thus, for example. Ha G Z + [aVY, and 

Q (z p6,22 _|_ ^jj^ where we have combined the Q-charges and the gauge charges into 
a single (6, 22) dimensional vector Q. 

The above spectrum generating formula gives both on- and off-shell states. The on-shell 
states must satisfy the additional constraint that the left- and right-moving energies be 
equal. In the aV sector they are given by 

OO -1 

^aV = -1 + E < + E <) + ^ (Pav)' , (34) 

q=l fJ. A ^ 

E^v = -l + f: ^(E K + E < + E K) + liPavf , (35) 

^ g=l fi I a ^ 

where m^, m^, n^, and /c^ are the oscillator occupation numbers for the real bosons 
X^, X^, if^, (f)^ and pa, respectively. Also, we note that (Piv)^ = (2^)^ and (P^vf = 
{Q^)"^ + J2a Ha, where and are the left- and right-moving parts of the vector Q. (Here 
we note that for massless states that do not belong to the = 1 supergravity multiplet all 
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the occupation numbers are zero and V{z,^) = 1 up to a factor that involves ghosts and a 
cocycle.) 

As a simple illustration of these rules let us consider the model generated by a single 
vector Vq. This is nothing but a Narain model. There is only one structure constant, namely, 
fcoo- For fcoo = we find that is spanned by v and c momenta of 6*0(8)1, whereas for 
the other choice /cqo = 1/2 we find that is spanned by v and s momenta of 5*0(8)1. 

The above generating formula along with the constraints on the set {Vi,kij} is all we 
need to construct the spectrum of any given model. For supersymmetric models, obtaining 
the spectrum is simplified further by space-time supersymmetry. For definiteness, let us 
concentrate on = 1 SUSY models. (Our discussion easily generalizes to models with larger 
SUSY.) In this case we have two SUSY generators Ql(z) and Qji{z), where the subscript 
indicates the space-time helicity. The vertex operators for these generators have the the same 
form as in (0), but with V{z,z) = 1 (up to ghosts and a cocycle) and = = /c^ = 0, 
i.e., only the if-charges are non-zero. Let us combine all of these charges into (10,22) 
dimensional momenta V. Then these momenta for the SUSY generators are determined by 
solving the following constraint: 

Vi-V = -J2 y"Ha{V) = ho (mod 1) , (36) 

a 

where Ha(V) = ±| are the corresponding if-charges for the SUSY generators. We will use 
the convention that the massless fermion states with Hq = —1/2 are left-handed, whereas 
those with Hq = +1/2 are right-handed. Then the solution of Eq. ( PBD with Hq{V) = —1/2, 
which we will refer to as Vl, corresponds to the left-handed SUSY generator Ql{z), whereas 
the solution with Hq{V) = +1/2, which we will refer to as Vr, corresponds to the right- 
handed SUSY generator Qr{z). (Note that Vl = —Vr.) These generators are useful in 
this case in the following way. Instead of working out the entire spectrum, we can confine 
our attention to left-moving fermion states in the — 1/2-picture. These have Hq = —1/2 
according to the above convention, and let the corresponding momenta be Pav- (Their 
CPT-conjugate states are right-handed with Hq = +1/2). Their superpartners, which are 
boson states in the — 1-picture, can be obtained by noting that their corresponding momenta 
would simply be Pa'v = Vr + Pav- Similarly, Pav = Vl + Pa'v- Note that a'^ = ai for z 7^ 0, 
and ao = 1, whereas Oq = 0. Thus, all we need to work out in this case is the spectrum for 
the left-moving fermion states. So by a vertex operator in the —1/2-picture we will always 
mean vertex operators for such states, whereas by those in the —1-picture we will mean 
vertex operators of the corresponding bosonic superpartners. Here we comment that the 
number of supersymmetries in a general case is given by a half of the number of solutions 
ofEq. (H). 

IV. ORBIFOLD RULES FOR HIGHER LEVEL MODELS 

In this section we generalize the rules for the orbifold construction presented in section 
III. This generalization will allow us to construct models with reduced rank, in particular, 
models that contain gauge groups realized via higher level Kac-Moody algebras. The ne- 
cessity of such a generalization can be seen from the fact that gauge symmetry in = 1 
heterotic string models arises from the left-moving sector of the theory. On the other hand. 
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the monodromies (^) for the left-moving bosons are such that they cannot project out 
Cartan generators of the original Kac-Moody algebra Qi^ of the Narain model that we orb- 
ifold. Thus, the final gauge group Q'j^ is always realized via a level- 1 Kac-Moody algebra and 
has rank 22. Thus, to obtain models with reduced rank, we must project out some of the 
original Cartan generators, that is, we have to twist some of the 22 real left-moving bosons 
({)^. Here we note that such twisting does not guarantee rank reduction. Sometimes it can 
happen that the model with such twists still has Q'j^ with rank 22. In this case it is always 
possible to rewrite the model so that all the left-moving bosons are shifted but not twisted. 



A. Framework 

In this subsection we will set up the framework for the remainder of this section. We will 
borrow the notation from section III. The right-moving degrees of freedom are the same. 
The left-movers come in two varieties. There are 22 — Id real bosons ip^^ A = 1, 22 — 2d, 
and also d complex bosons r = l,...,d. (These can be viewed as complexifications of 
the original 2d real bosons y?^^"^'*, v?^^ via = ((^2i-2d+2r _^ ^^22-2d+2r-yy2.) The string 
sectors are labeled by the monodromies of the string degrees of freedom: 

p,{z)-2nV^ , 
4>'(z) - 2nUl , 

ip\z) + 2ixUf, (37) 
exp(-27ri7;")(9$"(z) . 

These monodromies can be combined into a single vector 

V, = {Vt\Ul\\Uf\Tl) . (38) 

Without loss of generality we can restrict the values of as follows: < T^^ < 1. This 
restriction is actually necessary for correctly identifying the sectors of the orbifold model in 
what follows. 

The monodromies Vi can be viewed as fields $ (where $ is a collective notation for 
Pa, 0'^, V^"^ and $'") being periodic $(2;e^'^*, ze~^'^*) = $(z,^) up to the identification $ ~ 
g(yi)^g~^{Vi), where giVi) is an element of the orbifold group G. (Since we are considering 
Abelian orbifolds, we have excluded shifts from the monodromies of the bosons For 
G to be a finite discrete group, the element giVi) must have a finite order rrii G N, i.e., 
g'^^iVi) = 1. This implies that the vector Vi must be a rational multiple of a vector in 
24(g,p6,22^]vjd^ that is, m^Vi G ^T^'^^ ^N''. In the component form we have: rriiV^ G Z, 
rriiUi G r^'^^, and miT[ G N. Here we have combined the components f//, / = 1, ...,6, and 
Uf, A = 1,...,22 — 2d, along with 2d null entries into a single (6,22) dimensional vector 
Ui = (f//||[//^|02'^). Later we will use the dot product of such vectors defined in the same 
way as for two vectors in r^'^^. 

To describe all the elements of the orbifold group G, it is convenient to introduce the set 
of generating vectors{Vj} such that aV = if and only if = 0. Here is the null vector 

= (0^|06||022"2rf|o'^) . (39) 



ip\ze^^') = 
d^'{ze^^') = 
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Also, aV = (the summation is defined as, say, {Vi + VjY = T[ + TJ), being 

integers that take values from to — 1. The overbar notation is defined as follows: 
(aVy = {aVy (mod 1) and < (aVy < 1. 

Now we can identify the sectors of the model. They are labeled by the vectors aV, 
and in a given sector aV the monodromies of the string degrees of freedom are given by 
$(2;e^'^*, ze~^'^*) = g{aV)^{z,z)g~^{aV). It is clear from the supercurrent constraint (|TT|), 
(P13|) that the sectors with as E Z give rise to the space-time bosons, whereas those with 
as G Z + 1/2 give rise to the space-time fermions. 

Note that a sector described by the vector 



is always present in any orbifold model. As before, the Vq sector is the Ramond sector of 
the Narain model, whereas sector is the Neveu-Schwarz sector. Without loss of generality 
we can set Sj = for i ^ (Recall that Sj = V^^.) Then the space-time bosons come from 
the sectors aV with = 0, and the space-time fermions come from the sectors aV with 
ao = 1. 

We finish this subsection by noting that we have not modified the action of the orbifold 
on the right-moving degrees of freedom, so that all the rules concerning the supercurrent 
construction, in particular, the constraints (|T7D and (|19D remain unchanged and must be 
satisfied by a consistent orbifold model with left-moving twists within this framework just 
as in the case of models with no left-moving twists. The spectrum generating formula and 
the left-moving energy are different in the case of left-moving twists, and we turn to these 
issues next. 



We will not attempt to give the most general rules in this subsection as the rules for 
constructing a rather large class of orbifolds can be found in Ref Rather, we will confine 
our attention to the case where we have only one generating vector, which we choose to be 
Vi, with T[ ^ 0. For all the other vectors Vi, i ^ 1, we require that T[ = 0. (Thus, without 
loss of generality, we can assume that 7^ for all values of r.) Moreover, we only consider 
the cases where mi is a prime number. 

Next, we start from a Narain model with the momenta of the internal bosons spanning 
an even self-dual Lorentzian lattice F^'^^. We introduce a set of generating vectors {Vi} 
with the above properties. This set includes the Vq vector, and also the Vi vector with a 
left-moving twist. Here we assume that the lattice F^'^^ possesses Z^i symmetry generated 
by the twist part of the orbifold group element giVi). Next, we find the structure constants 
kij that satisfy the following constraints 



^o=((-2)'|0'l|0^ 




(40) 



B. Orbifold Rules 



kij + kji = Vi-Vj (mod 1) , i 7^ j , 
kii + kio + Si -ti-^Vi-Vi = (mod 1) , 

kijirij = (mod 1) . 



(41) 
(42) 
(43) 
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Note that there is no summation over the repeated indices here. The dot product of two 
vectors is defined as 

v^■v, = -Y.vtv^ + u,■u, 

a 

= -Y^V,^V^ -Y.Ul-U',+T.Uf-Uf . (44) 

a I A 

Also, we have introduced the following notation: 

U^WtIH-TD . (45) 

/ r 

Note that U = i ^ I. 

Let I{Vi) be the sublattice of F^'^^ invariant under the twist part of the orbifold group 
element g{Vi), and let /(Vi) be the lattice dual to /(Vi). Then for the model to be consistent 
(in particular, for level-matching dictated by modular invariance) we must have 

miP2 G Z for all P G i{Vi) . (46) 

Furthermore, for the sake of simplicity we will confine our attention to models with only 
one fixed point, so that we will require the following constraint to be satisfied: 

n[2sin(7rTO] = VVol(/(\/0)- (47) 

r 

Here Vol(/(Vi)) is the volume (or, equivalently, the determinant of the metric) of the lattice 
/(Vi). (Note that Eq. (^) can be relaxed so that the r.h.s. also contains a factor which is 
some integer power of mi. Then this factor is nothing but the number of fixed points for the 
twist given by (T^). Here we only consider the models with one fixed point as we already 
mentioned.) 

Now we turn to describing the sectors of the theory. They are labeled by aV^. Let us start 
with the sectors with ai = 0. To describe the vertex operators of states in these sectors, 
we will need to distinguish two different cases. They arise as follows. Note that there are 
two types of momenta P G F^'^^: those that belong to the invariant sublattice /(Vi), and 
those that do not. Let us consider the latter type first. Thus consider a set of momentum 
vectors N{Vi) C F'^'^^ such that if P G N{Vi), then P ^ I{Vi). Let |P) be the corresponding 
momentum states. It is clear that we can always decompose P into P = P"*" + P", where 
Pll G I{Vi), and P^-P' = Ofor allP' G I{Vi). Then |P) = jP") O |P^). Let N*{Vi) C N{Vi) 
be a set of momenta spanned by all P"*", and let Ti be the corresponding Hilbert space, i.e., 
H is spanned by states jP"*"), P"*" G N*{Vi). This space can be represented asH = '^^Q'^Ti-e, 
where Hi is spanned by the states of the form 

1 mi-l 

\P^;i) = —= y exp(-27riH/mi)/|P^) , (48) 

where g = exp{—27TiJ2rTiJ^'), and is the angular momentum operator (that acts on 
the momenta) for the complex boson (or, equivalently, for the real bosons 02i-2d+2r 
022-2d+2r^ and in this language is the generator of 5*0(2) rotations in the plane of these 
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bosons). Note that g\P-^\t) = exp(27ri£/mi)|P-'-; £). Later, we will identify i as part of a 
discrete charge (D-charge). 

In the sectors with ai = there are two kinds of vertex operators. The first kind are 
momentum states (in the covariant formalism): 

V{z,z) = V{z,z)exp{iJ2HaPa{z) + tJ2Q'<p'{z) + tJ2Q^V^{z))exp{tk^X^{z,z)) , (49) 

a I A 

with Q = (Q^WQ^) G I{Vi). (Note that Q is a (6,22-2rf) dimensional vector.) Here V{z,z) 
is a combination of derivatives of A*^, pa, 0^, v^"^ and {i.e., this is the corresponding oscil- 
lator excitation contribution), ghosts, certain cocycles, and the normal ordering is implicit 
here. Let us combine the i7-charges Ha, Q-charges , and the gauge charges into a 
(10,22 — 2d) dimensional momentum vector P^- Then the physical states are those that 
satisfy the following spectrum generating formula: 

V^■P7^+—D^V,■P^ + Y: TIN'' = s, + Y. h,a, (mod 1) , (50) 

^1 r j 

and the momenta P-^ G Z"^ ® liVi) + aV. Thus, for example. Ha & Z + {aVy, and 
Q G I{Vi) + all. Here we have introduced the boson number operators A^^ for the bosons 
It can be expressed in terms of the occupation number operators s*" and for these 
bosons: = Y^^^s^^ — s^). The discrete Z)-charge is defined by the above equation. The 
origin of this D-charge (defined modulus mi) is the Z^i twist acting on the d complex 
bosons (9$'". This, however, is not the most general form of D as it has contributions only 
from the oscillators. We will give the general form of D in a moment. 

The vertex operators (in the covariant formalism) for the second kind of states have the 
same form as (j^), but now, in addition to the derivatives of X^, pa, 0^, and ghosts 
and cocycles, V{z,z) contains also the vertex operator for a state \P-^;i). The latter can 
be written as 

1 mi-l 

—= Y: expi-2mki/mi)g''eM^T.b''mHz) + (g^)*<f '^(^)]) , (51) 

V"^l k=0 r 

where is the (complex) momentum of the boson (and the 2d real components of all d 
momenta g'" give the momentum vector P-^y) ■ The physical states are those that satisfy the 
following spectrum generating formula: 

V,.P1^+^D^V,.P^ + Y: TINL^ + = + E (n^od 1) . (52) 

Here we have combined the charges Ha, and Q"^ into a single vector P^- The lattice 

momenta in this sector are given by P—tf = P^ + P-4t- 
The general form of the D-charge is given by: 

D = e + miJ2T[N^ (mod mi) (53) 

r 

which has contributions from both the lattice momentum and the oscillators. We recover 
the previous case if we set £ = {i.e. P-^ G /(Vi)). 
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Finally, the vertex operators for states in the sectors aV with ai 7^ read: 

V{z,z) = V{z,z)a^{z) X 

exp{iY,HaPa{z) +iY.Q'(P\z) +iY,Q^^^{z))exp{ik^X^{z,z)) , (54) 

a I A 

where V{z,z) is as defined in (^91) and cr-^{z) is a vertex operator for the twisted ground 
state with conformal dimension J2r ^{(^^Yi^ ~ {(^^Y)- The physical states are those that 
satisfy the following spectrum generating formula: 

Vi ■ = Si + Y^ kijaj (mod 1) , i 1 . (55) 
j 

Here G Z^® J(Vi) + (Here we just take the momentum part of aV.) Note that here 
we are not imposing the constraint with respect to the vector Vi as the latter is automatically 
satisfied in these sectors. 

The above spectrum generating formulas give both on- and off-shell states. The on-shell 
states must satisfy the additional constraint that the left- and right-moving energies be 
equal. In the aV sector they are given by 

00 

(2=1 /J- A 

+ Eiii + i^Y - 1)^. + - (^Y)s,]) + \{P^f , (56) 
= + E ^(E < + E + E K) + \iP^? ' (57) 

^ q=l I a 

where m^, m^, n^, and k'^ are the oscillator occupation numbers for the real bosons 
X^, X^, if^, (f)^ and pa, respectively. Also, we note that (P-^yf = (Q^)^ and {P-^Y = 
{Q^Y + J2aHa, where and are the left- and right-moving parts of the vector Q. 

C. Scattering Amplitudes 

From the scattering amplitudes Am (pTj), where the external space-time momenta are 
set to zero, we can read off the terms in the superpotential. For a non-zero coupling, the 
corresponding scattering amplitude must be present. Having taken care of the ghost factors, 
this means that all the gauge and discrete symmetries must be satisfied. In particular, a 
necessary condition is that the sum of all the lattice momenta must be zero in Am iW^- 
These selection rules impose very tight constraints on the possible terms that can appear in 
the superpotential of any model. 

(1) Gauge Invariance. This local symmetry must be conserved. In the 4-dimensional = 1 
heterotic string models, the gauge symmetries come from left-movers only. We will refer to 
these as G-charges. Note that picture-changing does not touch the G-charges so each state 
carries well-defined gauge quantum numbers. 

(2) H- and Q- Charge Conservation. They must be conserved in the scattering amplitude. 
Note that the supercurrent carries terms with different H- and Q-charges. Because of picture 
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changing, H- and Q- charges are not global charges even though they must be conserved 
exactly in Am- This is consistent with the fact that string theory has no global continuous 



symmetries |Tl| . Point group and space group selection rules follow from these conservation 
laws. 

(3) Invariance under Discrete Symmetries. In higher level models, there is a discrete gauge 
charge (or quantum number) associated with the twist field. We shall call this a D-charge. 
As we shall see, in the models we are interested in, the selection rule coming from this 
discrete symmetry is subsumed in the other selection rules. 

In principle, we can calculate the couplings in the superpotential explicitly, since we know 
all the vertex operators. However, in this paper, we shall consider only the selection rules 
coming from the conservation of the above G-, Q-, H- and Z)-charges. Note that space-time 
superpartners have identical G-, Q- and D-charges, but different if-charges. 



V. SIMPLE LEVEL- 1 EXAMPLES 

In this section we use some simple examples to illustrate our rules for constructing level- 
1 models and calculating scattering amplitudes. After a detailed discussion of the familiar 
asymmetric Z3 orbifold, we will briefly discuss the original symmetric Z-orbifold. 

Consider the Narain model with T'^'^^ = r^'^^r^'^®!^'^®!^®!^, where is the Eg root 
lattice, whereas F^'^ = {{j)r\\pl)} with Pl,Pr £ {SU{3) weight lattice) and Pl—Pr^ 
iSU{3) root lattice). This model has = 4 SUSY and SU{3) ® SU{3) ® SU{3) 0Es®Es 
gauge symmetry (counting only the gauge bosons coming from the left-moving sector of the 
string; the right-moving sector contributes 6 U{1) vector bosons that are part of the A^ = 4 
supergravity multiplet). Let us write the corresponding Vq vector as 

^ = ((-1)4|03||03|08|0S) . (58) 

Here the first four entries stand for the right-moving complex world-sheet fermions 
a = 0,1,2,3, next three stand for 3 right-moving complex bosons X", a = 1,2,3 (each 
corresponding to a factor F^'^). Double vertical line separates the right-movers from the 
left-movers. The first three left-moving entries correspond to the left-moving counterparts 
of the X" bosons. The next 8 + 8 entries correspond to the Eg ® Es lattice which we will 
describe using 16 real bosons, and we will use the Spin(16)/Z2 basis for each of the Es 
factors {i.e., the Eg roots are described as those of 50(16) plus 128 additional roots in the 
corresponding irrep of S'0(16); thus, for example, (+1, 0, —1, 0, 0, 0, 0, 0) is a root of 5*0(16), 
and the roots in the 128 irrep are those with all eight entries equal +1/2 or —1/2 and total 
number of positive signs being even). 

(1) An asymmetric Z -orbifold model. 

Consider the following asymmetric Z3 orbifold of the SU{3)^ (S> {EsY Narain model 
described above: 

V, = iOi-lne,/3)W\lllo'\0') . (59) 

This is the original asymmetric Z-orbifold model of Ref p[. It has N = 1 SUSY and 
SU{3) ^ Eq ® Eg ® SU{3Y gauge symmetry. Here ei is a simple root of SU{3). We denote 
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the other simple root by 62, and define 63 = — ei — 62. Note that Ca • — 2 for a = (3 and 
— 1 for a ^ (3 {a, (3 = 1,2,3). Let 0", a = 1,2,3, be the two- component real bosonic fields 
corresponding to each of the three SU{3) lattices in the model with ei/3 shifts. The idX"' 
in the supercurrent Tp is given by 

idX^ = ^^e-'''"f''c{-ea) . (60) 

It is easy to see that the triplet constraint is satisfied: 

V- + U,-Q = -^ + ^-{-e^) = (modi) (61) 

We can now compute the massless spectrum of the model. First, let us choose koo — 
(note that there is a freedom in choosing koo to be or 1/2 which only refiects in fiipping 
the chirality of the states). The other structure constants are fixed: /cio = 1/2, /cqi = and 
kii — 1/3. It is convenient to define 

Pav = {Ho, • • • , H3, Qf , Q^, Qf iQi , Q2 , Qf , Q4, • • • , Q19) (62) 

where Q-^'-^ are charges under f/(l)^ of SU{3) and all other Q's are U{1) charges. 
First, consider the untwisted sector, the spectrum generating formulae read: 

^(Ho + H, + H2 + H3)^^ (modi) (63) 

1{Qa + Q5 + 2Qe) + ^{H, + H2 + H3)-^- (Qf + Qf + Qf ) = (mod 1) (64) 

The first spectrum generating formula requires that one of the if-charges must be equal to 1. 
It then follows from the massless condition that Q''^ = which implies that Q^ e F^ (SU (3) 
root lattice). The choice a = gives rise to gauge bosons of SU{3) Ea Es SU{3)'^. 
For a = 1,2, or 3, the second spectrum generating formula gives Q4 = —1 oi = —1 or 
Qq = 1. Therefore, Q"^ = or else (Q^)^ > 2 and the state is massive. Note that even 
though the orbifold group does not act on Q^, constraints such as Q^ — Q^ e F^ and 
massless condition restrict the possible values of Q^. The fields that survive the projection 
are Xa which transform in the (3, 27, 1) irrep of SU(3) ® Eq ^ Eg, and are neutral under 
the other SU{3)^. The index a labels the choice of i7-charges: H — (1,0,0) for a — 1, 
H = (0, 1, 0) for a = 2 and H = (0, 0, 1) for a = 3. 

We now turn to the twisted sectors. Note that in the —1 picture. Ha ^ Z — ^ in Vi sector 
while ifa e Z + I in 214 sector. The possible choices of Ha which do not give rise to massive 
states are Ha = (~|) ~|) ~|) iii ^1 sector and Ha = (|, |) |) in 2Vi sector. The left-handed 
chiral supermultiplets all come from 2Vi and Vq -|- 2Vi sectors. In 2Vi sector, the spectrum 
generating formulae give: 

^{Ho + H, + H2 + Hs) = ^ (modi) (65) 
^(Q4 + Q5 + 2Qe) + ^{H, + H2 + H3)-^- (Qf + Qf + Qf ) = ^ (mod 1) (66) 
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where (54, e Z - |, Qe e Z + | and e - ei/3. For massless states, Ej(Qf )^ = 2/3 
and therefore, there are 27 choices of Q^: 

Q^=(-y,-|,-|) for«,/3,7=l,2,3 (67) 

The Q charges and are correlated hy pl — Pr £ F^. For simphcity, let us consider 
for the moment only the first 5'C/(3). We have 



a = 1 Qf = 

q; = 2 Qf = 62, -ei, ei - 62 
cc = 3 Qf = -62, ei, 62 - ei 

where ei = |ei + ^62 and 62 = \ei + |e2 are SU{^) weights such that ej • Cj — 5ij. The 
conformal dimension of 3 (and 3) of SU{3) is ^{QiY = | as expected. 

Massless states are created by conformal fields with total left-moving conformal dimen- 
sion 1. Therefore, they must transform non-trivially under SU{3) as well as other gauge 
group such as Eq. For instance, a field that transforms as 3 of SU{3) and 27 of Eq (which 
has conformal dimension 2/3) has the right conformal dimension. It remains to check if the 
spectrum generating formulae arc satisfied. To summarize, we have the following left-handed 
chiral supermultiplets from the twisted sectors: 

• The twisted sector field x- 

This field transforms in the (3, 27, 1, 1, 1, 1) irrep of SU{3) ® Eg ® ^8 ® SU{3f. The Q- 
charges for this field read (— ei/3, — ei/3, — ei/3). 

• The twisted sector fields Xa±- 

The field xa+ transforms in the (1, 27, 1, x, y, z) irrep of SU{3) (g) Ee ® Eg ^ SU{3f with 
X = 3, y = z = 1 for A = 1, y = 3, X = z = 1 for A = 2, and z = 3, x = y = 1 for A = 3. 
Similarly, the field xa- transforms in the (1, 27, 1, x, y, z) irrep of SU{3)^E6(S)Es^SU (3)^ 
with X = 3, y = z = 1 for ^4 = 1, y = 3, X = z = 1 for ^4 = 2, and z = 3, x = y = l 
for A = 3. The Q-charges for the fields xa+ are given by (— 62/3, — ei/3, — ei/3) for 
A = 1, (— ei/3, — 62/3, — ei/3) for A = 2, and (— ei/3, — ei/3, — 62/3) for A = 3. Sim- 
ilarly, the Q-charges for the fields Xa- are given by (— 63/3, — ei/3, — ei/3) for A = 1, 
(— ei/3, —63/3, — ei/3) for A — 2, and (— ei/3, — ei/3, —63/3) for A — 3. 

• The twisted sector fields Txyz- 

The field T^yz transforms in the (3, 1, 1, x, y, z) irrep of SU{3) ^ Eq ^ Es ^ SU{3Y where 
X, y, z are irreps of SU (3) such that only one of them is a singlet and the others can be 
either 3 or 3. The Q-charges are correlated with the SU{3) irrep as described above. For 
example, if x = 1, y = z = 3, the Q-charges are given by (— ei/3, —62/3, —62/3). 

The gauge quantum numbers as well as the Q- and if-charges of the massless spectrum 
are summarized in Table I. 

Having described the bosonic supercurrent and the massless spectrum of the model, we 
are ready to calculate scattering amplitudes. Let us start with the three-point Yukawa 
interactions of the chiral families in 27 of Eq. The three-point Yukawa coupling XaXbXc is 
non-zero only ior a ^ b ^ c ^ a as only in this case are the if-charges conserved. For 
illustrative purposes let us consider this case in more detail. If a = 1, 6 = 2 and c = 3, 
then in the — 1-picture the i7-charges are (-1-1,0,0), (0,-1-1,0) and (0,0,-1-1), respectively. 



irrep of SU{3) 

3 

3 
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Two of the fields must be in the — 1/2-picture, and the third one must be in the — 1-picture, 
however. Let the Xa and Xb fields in the —1/2-picture. Their if-charges then are given 
by (+1/2,-1/2,-1/2) and (-1/2, +1/2, -1/2). Then we see that the total if-charge is 
(+1/2, -1/2, -1/2) + (-1/2, +1/2, -1/2) + (0, 0, +1) = (0, 0, 0), and the process is allowed 
by the if-charge conservation. All the other quantum numbers are also conserved in this 
case. It is easy to see that in all the other cases XaXbXc Yukawa coupling vanishes. 

Now consider the three-point couplings of the twisted sector fields. Naively, just from 
the conservation of gauge charges, one might expect that, say, the coupling xa+Xb+Xc+ is 
non-zero for A = B = C . This is, however, not the case. Indeed, to have a singlet of the 
corresponding SU (3) (note that each of these three fields transform in the irrep 3 of the 
corresponding St/ (3)), we must completely antisymmetrize these fields. This means that 
we must take the completely antisymmetric combination of the three 27s (note that each 
of these three fields transform in the irrep 27 of E^). The latter antisymmetric product 
does not contain a singlet of E^, so that the trace of this product vanishes. The same 
conclusion can be drawn from the Q-charge non-conservation. Note that the Q-charges in 
this case are not conserved. (Recall that for the three-point couplings there is no picture 
changing insertions of the supercurrent.) In fact, it is easy to see that for the same reason all 
three-point couplings involving at least one twisted sector field vanish. Some higher point 
couplings, however, are non-zero. For example, consider the following six-point couplings: 
XXXXaXhXc- It can be easily checked that Q- and G-charge conservations in this case 
imply that this coupling is non-zero if and only ii a ^ h ^ c ^ a. This is a typical 
situation for asymmetric orbifolds: lower point couplings typically vanish because of the Q- 
charge non- conservation, whereas there are (usually) somewhat higher point couplings that 
are non-zero. This observation will play an important role for the superpotentials of the 
three-family grand unified string theories which we will discuss in the subsequent sections. 

For illustrative purpose, we give the lowest order non-vanishing terms in the superpo- 
tential of this asymmetric Z3 orbifold: 

ly = (Ai + Aax") E XaXbXc + . . . . (69) 

In passing, we remark that the above model was originally constructed in the twist basis: 

I/i = (0(-i)^|^^^||0^|^i^O^|0«). (70) 

Here 9 denotes a 27r/3 rotation in the corresponding S'f/(3) lattice. The above generating 
vector defines the same asymmetric Z3 orbifold model. The relation between the complex 
bosons idX"- in the twist formalism and the real bosons 0" in the shift formalism is given in 
Eq.(|OD. 

(2) A symmetric Z -orbifold model. 

Consider the following Z3 orbifold of the above Narain model: 

^i = (0(-^)^|(ei/3)3||(ei/3)3|HV|0«). (71) 

This model has = 1 SUSY, f/(l)^ ® SU (3) ® Eq® E^ gauge group, and 36 chiral families 
of fermions in the 27 of -Eg- Nine of these come from the untwisted sector, and the other 27 
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from the twisted sector. This orbifold model is nothing but the original Z-orbifold model 
of Ref 0] at the special values of the moduli of the compactification torus. This is precisely 
the reason for the enhanced U{1)^ gauge symmetry. Since the group actions are identical 
on the right-movers for these symmetric and asymmetric orbifolds, we can use the same 
supercurrent Tp. 

Let us fix the structure constants of the model. They are the same as in the asymmetric 
case except for ku = —1/3. We have the following left-handed chiral supermultiplets: 

• The untwisted sector fields SaAa- 

The fields SaAa are SU{3) ®Eq(S)Es singlets that are charged under U{1)^. Thus, for A = 1 
the U{1) charges are given by (eQ,,0,0), for A = 2 the U{1) charges are given by (0,eQ,0), 
and for A = 3 the U{1) charges are given by (0, 0, Cq). There is no correlation between the 
gauge quantum numbers and the index a. The latter is related to the if-charges (here we 
only give -^1,2,3 charges in the —1 picture; the corresponding if-charges for Ql left-handed 
SUSY generator are given by (—1/2, —1/2, —1/2)). For a = 1 they are (+1, 0, 0), for a = 2 
they are (0, +1, 0), and for a = 3 they are (0, 0, +1). 

• The untwisted sector fields Xa- 

These are the same as in the asymmetric case. 

• The twisted sector fields Xa/37- 

The 27 fields Xo/37 transform in the irrep (1, 27, 1) of SU (3) (g) i^g ® Eg. Their f/(l)^ charges 
are given by (— 6^/3, — e/j/3, — e^/3). Their Q-charges are the same as their f/(l)^ charges 
in the spectrum picture. For illustrative purposes we give the part of the vertex operator 
for the field x«/37 that corresponds to the right-moving internal bosons: 

exp(-i[e„ ■ (p^iz) + ■ (j)'^{z) + ■ 0^(^)]/3) c((e„, cp, e-^)) . (72) 

• The twisted sector fields TAap-y- 

The 81 fields T^a/d'y transform in the (3, 1, 1) irrep of SU (3) ^ Eq® Eq. Their Q-charges are 
given by (-6^/3, — e/3/3, — e^/3). Their f/(l)^ charges are given by (+2eQ/3, — e/3/3, — e^/3) 
for A = l, (-e„/3, +2e^/3, -e^/3) for A = 2, and (-e„/3, -e^/3, +2e^/3) for A = 3. Note 
that in the twisted sector all the left-handed fermions have if-charges (—1/6, —1/6, —1/6), 
whereas their bosonic superpartners have if-charges (-1-1/3, +1/3, +1/3). 

We are now ready to calculate scattering amplitudes in this model. Let us start with 
the three-point Yukawa interactions of the chiral families in 27 of -Eg- Note that terms like 
XaXai3'yXa'i3''y' and XaXbXafB-y are uot allowcd by if-charge and also G-charge conservation. 
The three-point Yukawa coupling XaXbXc is the same as in the asymmetric case and is 
non-zero only for a ^ b c ^ a. 

Next, we turn to the scattering x«/37Xa'/3'7'Xa"/3"7"- The G-charge and Q-charge con- 
servation (which in this case give the same selection rules as the Q-charges for these fields 
are the same as the U{1)^ G-charges) give the following selection rules for the scattering: 
a ^ a' ^ a" ^ a, and similarly for the f3 and 7 indices. 

We will not give all the couplings for this model. We will finish our discussion here by 
considering the couplings of the type SaAsXai3'yXa'i3'YXa"i3"Y'- Since all the other couplings 
are similar, for definiteness let us consider the case a = 1 and A = 1. Let us take SaAS to 
be in the 0-picture, two other fields in the — 1/2-picture, and the last one in the — 1-picture. 
Note that for the if-charges to be conserved, we must have Ha = for the field SaAS in the 
0-picture. This means that the term in the OPE TpSaAS that can possibly contribute into 
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this scattering must be of the form ~ exp(— ipi) I]aexp(ieo ■ 0^). Then the Q-charge and 
G-charge conservation together tell us that the above four-point coupling is non-zero if and 
only a a = a' = a" = 6, /3 ^ /3' ^ (5" ^ (5, and 7 ^ y ^ 7" ^ 7. 

Let us compare our results with those of Ref [Q. To do so let us first note that this 
Z-orbifold is a factorized orbifold, and it is convenient to carry out the discussion on the 
example of a Z3 orbifold of one complex boson. Then 27 families of chiral fermions in the 
twisted sector come from 3x3x3 fixed points. Thus, within the first set of 3, fixed points 
in our notation are labeled by a. So we will discuss the couplings only for one index a, and 
just point out that the other two indices and 7 obey similar selection rules. We see that 
the Yukawa couplings in our case are non-zero only for a ^ a' ^ a" ^ a. All the other 
Yukawa couplings are zero. In Ref there are also additional non-zero Yukawa couplings 
with a = a' = a" (although all the others, with say, a = a' ^ a", are zero). The reason 
why we do not have the latter couplings is because we are considering a special point in the 
moduli space with enhanced gauge symmetry, and the G-charge conservation forbids these 
couplings. Note that if we move away from this point of enhanced gauge symmetry, and 
consider generic points as in Ref we will account for additional non- vanishing couplings. 
This can be seen from the four-point couplings SaAsXaii-yXa' 13'f'Xa" 13"-^" ■ As we move away 
from the special point in the moduli space we break the f/(l)^ (for one complex boson) 
gauge symmetry. In terms of effective field theory this corresponds to giving vevs to the 
fields SaAS- Then effectively we generate three-point Yukawa couplings for a = a' = a", 
but the couplings with, say, a = a' ^ a", remain zero, because there were no corresponding 
higher point couplings in the superpotential to begin with. The latter was due to the Q- 
charge non-conservation. On the other hand, note that the absence of the couplings of the 
a = a' ^ a" type in the orbifold language is due to the orbifold space-group selection 
rules. Thus, the Q-charge conservation has this space-group discrete symmetry encoded in 
it, just as if-charge conservation guarantees that the orbifold point-group selection rules are 
satisfied. 

Again, the above model can be written in the twist basis. The following generating 
vector: 

yi = (0(-i)3|^3||^3|112Q5|Q8^ ^^3^ 

3 3 3 3 

produces the same symmetric Z3 orbifold as above. 

VI. THREE-FAMILY MODEL 

In this and the following sections, we describe the construction of some of the three-family 
grand unified string theories previously presented in Refs [Q. In particular, we will rewrite 
these models in the bases where the supercurrent is in the bosonized form. As explained 
previously, scattering amplitudes are most easily calculated in such a representation. This 
section describes the model. It is organized as follows. In subsection A we set up the 
notation and describe the construction of the Narain model to be orbifolded. In subsection 
B we construct the unique three-family Eq model by Zg orbifolding this Narain model. This 
Eq model can be realized as two different Zg orbifolds which we refer to as El and E2 
models. In subsection C we present the shift construction for El model and compute the 
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superpotential using the bosonic supcrcurrent. The shift construction and the superpotential 
for E2 model will be given in subsection D. In section VII, we will discuss a three-family 
S'O(IO) model. We use this example to illustrate how one can calculate the superpotential 
for models that do not admit a bosonic supercurrent. In section VIII, we will discuss two 
three-family SU (6) models which are obtained by adding a Z3 Wilson line to the Eq model. 
Finally, we will briefly comment on other three-family grand unified string models. 

A. Narain Model 

Consider the Narain model, which we will refer to as A^(l, 1), with F®'^^ = F®'® ® F^^, 
where F-*^^ is the Spin(32)/Z2 lattice, and F^'^ is the lattice spanned by the vectors 
where Pl,Pr £ {Eq weight lattice), and pi —pR £ F^ (Eq root lattice). Recall that, under 
Ee D SU{3Y, 

27 =(3, 3,1) + (3, 1,3) + (1,3, 3) , (74) 
78 = (8, 1, 1) + (1, 8, 1) + (1, 1, 8) + (3, 3, 3) + (3, 3, 3) , (75) 

so we can write p e F^ as 

p= (qi + Awi,q2 + Aw2,q3 + Aw3) , (76) 

where G F^ {SU{3) root lattice), Wj (wj) is in the 3 (3) weight of SU{3), and A = 0, 1, 2. 

Next, consider the model, which we will refer to as A^l(l, 1), generated from the iV(l, 1) 
model by adding the following Wilson lines: 

\4 = (0>2||ei/2 0|s 0\S) , 

\/2 = (0>^||e2/2 0|0 s 0|;S) . (77) 

Here the first four entries correspond to the right-moving world-sheet fermions, the next 
three right-moving entries stand for the three right-moving complex bosons X", a = 1, 2, 3 
(each corresponding to one of the three SU{3)s). The double vertical line separates the 
right-movers from the left-movers. The first three left-moving entries correspond to the left- 
moving counterparts of the X"- bosons. The remaining 16 left-moving world-sheet bosons 
generate the Spin(32)/Z2 lattice. The 50(32) shifts are given in the 50(10)^ ® S0{2) 
basis. In this basis, stands for the null vector, v(V^) is the vector weight, whereas s{S) 
and s(^) are the spinor and anti-spinor weights of ,50(10) (-50(2)). (For 50(2), V ^ 1, 
S = 1/2 and S = —1/2). The untwisted sector provides gauge bosons of 5C/(3)^ ® U{1)'^ 
50(10)^ (g) 50(2). There are additional gauge bosons from the new sectors. Recall that 
under Eg D 50(10) ® [/(I), 

78 = 1(0) +45(0) + 16(3) + T6(-3) . (78) 

It is easy to see that the Vi, V2 and Vi + V2 sectors provide the necessary 16(3) and 16(— 3) 
gauge bosons to the three 5O(10)'s respectively. The resulting Narain iVl(l, 1) model has 
= 4 SUSY and gauge group 5f/(3)^ {EqY provided that we set kw = = 0. The 
permutation symmetry of the three Eq factors should be clear from the above construction. 
Since there is only one N — A SUSY 5C/(3)^ (g) (Eq)^ model in 4-dimensional heterotic string 
theory, this permutation symmetry may also be explicitly checked by looking at its one-loop 
modular invariant partition function. 
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B. Eq Model: Twist Construction 



Before we describe the Zg asymmetric orbifold that leads to the three-family Eq model, 
we will introduce some notation. By 6 we will denote a 27r/3 rotation of the corresponding 
complex (or, equivalently, two real) chiral world-sheet boson(s). Thus, 6' is a Z3 twist. 
Similarly, by a we will denote a vr rotation of the corresponding complex chiral world-sheet 
boson. Thus, a is a Z2 twist. By V we will denote the outer-automorphism of the three 
^O(10)s that arise in the breaking ^0(32) D 50(10)^ ® ^0(2). Note that P is a Z3 twist. 
Finally, by (^1,^2) we will denote the outer- automorphism of the corresponding two complex 
chiral world-sheet bosons. Note that (^1,^2) is a Z2 twist. 

The Eq model can be constructed by performing the following asymmetric Zg orbifolds 
on the AT = 4 SUSY SU{3f {E^)^ model (z.e., N1{1, 1) model): 

• The El model. Start from the A^l(l, 1) model and perform the following twists: 

T3 = {o{-i/3)^\e,e,e\\e,e,/3,o\v\2/3) , 

T2 = (0 (-1/2)2 0|a,pi,p2||0,ei/2,ei/2|0i5|0) . (79) 

This model has SU{2)i (g) (£'6)3 ® U{1)^ gauge symmetry. The massless spectrum of the El 
model is given in Table 0. They are grouped according to where they come from, namely, 
the untwisted sector U, the Z3 twisted {i.e., T3 and 2T3) sector T3, the Zg twisted {i.e., 
T3 + T2 and 2T3 + T2) sector T6, and Z2 twisted {i.e., T2) sector T2. Note that all particles 
have integer U{1) charges. The normalization, or compactification radius r, of each left- 
moving world-sheet boson is given at the bottom of the table. The U{1) charge of a particle 
with charge n contributes v?r^ jl to its conformal highest weight. That is, the corresponding 
part of the vertex operator has momentum nr. 

• The El model. Start from the iVl(l, 1) model and perform the following twists: 

T3 = (0 (-l/3)2|0,^^,^||^,ei/3,0|P|2/3) , 

r2 = (0 (-1/2)2 o|a,pi,p2||0,ei/2,ei/2|0^^|0) . (80) 

This model has 5'?7(2)i ® (-E'g)3 ® f^(l)'^ gauge symmetry. The massless spectrum of the E2 
model is given in Table 

Note that the spin structures of the world-sheet fermions in the right-moving sector 
are fixed by the world-sheet supersymmetry consistency. The string consistency conditions 
impose tight constraints on the allowed twists. Using the approach given in Ref |^ one can 
check that both sets of twists presented above are consistent provided that the appropriate 
choices of the structure constants kij are made. It is then straightforward, but somewhat 
tedious, to work out the massless spectrum of the model. (Again, more details can be found 
in Ref 0). We will give an alternative way of constructing this model in the following 
subsections, and working out the massless spectrum there is somewhat easier. 

The models El and El have the same tree-level massless spectra. We will show that 
interactions on the two orbifolds are the same even though naively the fields in the two 
models seem to have different origins (in particular, the same states come from different 
twisted sectors of the two orbifolds). They are possibly a T-dual pair. 

In the following subsections, we will give the shift representation for the twists given in 
models El and El. To be able to do so it is necessary and sufficient, as we already discussed 
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in the previous sections, that the corresponding Kac- Moody algebras Q'j^ are reahzed at level 
1 and have central charge 6. This is indeed the case for the El and E2 models. Let us first 
consider the El model. The original Kac- Moody algebra before orbifolding was {Eq)i. 
The Z3 twist reduces it to {SU{3)i)^, whereas the Z2 twist breaks it to SU{6)i ® SU{2)i. 
The combined action of the Z3 and Z2 twists, i.e., the corresponding Zg twist breaks {Eq)i 
to Q'^ = [SU{2)i ® U (1)]^, which is realized at level one. Similarly, in the E2 model we have 
Q'^ = {SU{2)i)^ (8> ^(1)^- Even though the right moving Kac-Moody algebra is not SU{3)^ 
for both cases, we can always write the Kac-Moody charges in this basis. The translation 
of the charges in different bases are given in Table |V14 



C. El Model: Shift Construction 



Let us present the generating vectors in the shift formalism which produce the El model. 
Here Vi and V2 correspond to the T3 and T2 twists acting on the A^l(l, 1) model: 

Vi = (0(-l/3f |ei/3,ei/3,ei/3||^^,ei/3,0|P|2/3) , 

V2 = (0 (-1/2)2 o|ei/2,0,0||0,ei/2,ei/2|Oi^|0) . (81) 

We may rewrite the vector Vi in the following way. Consider the branching of S'O (32) 
to SO{10)^ ® 5*0(2). The three S'O(10)s are permuted by the action of the Z3 outer- 
automorphism twist V: 0{ ^ 02 03 ^ 01! "where the real bosons 0^, I = 1,...,5, 
correspond to the p^^ 5*0(10) subgroup, p = 1,2,3. We can define new bosons ip^ = 
-^(0( + 02 + 4>i)i the other ten real bosons are complexified via the linear combinations 
<|)^ = ^(0( + uj(j)^2 + ^VD and {^^y = ^(0( + u;202 + ^^D' where 00 = exp(27r?/3). 
Under V, ip^ is invariant, while (($^)^) are eigenstates with eigenvalue u"^ (a;), i.e., V is 
equivalent to a Z3 twist 6 on each . Finally, string consistency requires the inclusion of 
the 2/3 shift in the 5*0(2) lattice of the boson rj. This simply changes the radius of this 
left-moving world-sheet boson. So, in the , ip^ and 1] basis, Vi becomes 

Vi = (0(-l/3)3|ei/3,ei/3,ei/3||^,ei/3,0|e^0^|(2/3),) (82) 

where the subscript r indicates real bosons. 

Including the Vq vector, the generating vectors for El model can then be written as: 

Vo = ((-1/2)^|0^||022) 

V, = (0(-l/3)=^|ei/3,ei/3,ei/3||(l/3)t,ei/3,0|(l/3)f0,^|(2/3),) , 

V2 = (0 (-1/2)2 Q|g^/2, 0, 0| |0, ei/2, ei/2|0^5|0) . (83) 

where the subscript t indicates that the corresponding complex boson is twisted. 

The dot products Vi ■ Vj and the choice of the structure constants kij are given by: 



Vi ■Vj=\ -1/2 -1/3 -1/3 I , A;,,- = I 1/2 | . (84) 

1/2 2/3 1/2 




This defines a consistent string model, provided that a supercurrent satisfying (^) and ([I9D 
can be found. 
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1. Bo sonic Supercurrent 



Before we compute the spectrum and calculate the superpotential, it is important to 
construct the supercurrent. First of all, the supercurrent satisfying the constraints (p!7D, 
(p!9|) must exist in order for the model to be consistent. Furthermore, in calculating higher 
point couplings, picture-changing requires insertions of the supercurrent. In the following, 
we will construct the supercurrent for the El model in detail. 

The currents dX"^ can be written as linear combinations of vertex operators for the root 
generators of the original Qfi = {Eq)i Kac-Moody algebra. It is convenient to express the 
roots of Eq in SU{3Y basis (Eq.([75|)). As before, we define ±ei, ±62 and ±63 = =F(ei + 62) 
as the roots of SU{3). The weight vectors e^, are defined by e*ej = 5j and e° = — e^. 
Therefore, the weight 3 of SU{3) is represented by e^, — e^, — e°. The triplet constraints 
(Eq.([T9|)) from the Vi and V2 vectors restrict the possible terms in dX"-. The currents dX"' 
and dX'''^ must also obey the OPEs (Eq.(^)). A solution satisfying all the constraints is 
given by: 

idX^ = ^(ji + V2J2 + V3J3 + V2J^ + J5 + V2Jg + Jr) , 



'12 

idX^ = ^ (Li - V2L2 + - v^L4 - L5 - + L7) , (85) 



'12 

idx^ = ^[k,-K2-K3 + k[-k'^ + 



3; ' 



where Jj = exp(— zaj0)c(— Oj), Lj = exp(— zZj0)c(— /j), Ki = exp{—iki(j))c{—ki) and = 
exp{—ik^(j))c{—k-). Here Oj, li, ki and k^ are roots of Eg defined in Table |V[ We will define 
the cocycle operators c{K) in a moment. 

Notice that out of the 72 roots of Eq, only 7 of them contribute to dX^. It is easy to see 
that oi, ■ • • , oe form a set of simple roots of Eq and —07 = 01 + 2a2 + 803 + 2a4 + 05 + 2aQ 
is the highest root. (Note that the coefficients are simply the co-marks of Eq simple roots). 
Similarly, Ii,---,Iq which contribute to dX"^ form another set of simple roots of Eq with 
—I7 being the highest root. Since the Z2 action (V2 vector) does not act on dX^ and ip^, 
dX^ can be expressed in terms of the root generators of S'f/(3)^. We see that ki and /c2 
form a set of simple roots of SU{3) and —k^ is the highest root. Similarly for the k^. The 
co-marks of the simple roots of Eq and SU{3) are also listed in Table Other choices of 
the supercurrent are equivalent to this one (involving only a change of basis). In this sense, 
the supercurrent consistent with the twists-shifts of this model is unique. 

Any weight vector K of Eq can then be expressed in terms of the basis vectors ai, ■ ■ ■ , ae, 
i.e., K = J^jnjttj. We can define an ordered product of weight vectors K and K , 

K * K = riirijai ■ aj (86) 

i>j 



The cocycle operator and the cocycle structure constant can then be given by |jT2[: 

c(K) = (-l)P*^ (87) 
e{K,K') = {-lf*''' (88) 
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where p is the momentum operator, i.e., p|-P) = P\P)- The cocycles defined above depend 
crucially on our choice of the basis vectors. 

The coefficient of each term in [i.e. \Jmi/h where rrii is the co-mark and h = 
1 + Si ^1 is the Coxeter number) are determined up to a phase by the OPE of dX^ with 
dX^'^ . The phases we have chosen in (^) ensures that the OPEs of dX°^ and dX^ for a 
are non-singular. 

The supercurrent Tp (the internal part) is therefore a linear combination of 40 terms, 
each with different right-moving quantum numbers (given in Table ^) : 




where mi are the co-marks of the simple roots and h = 12 for Eq. 



2. Spectrum 

We are now ready to compute the massless spectrum. Let us recall what the left- and the 
right-moving quantum numbers are. For the left-movers, we have the if-charges Hq, ■ ■ ■ , H^, 
and the charges (Qf , Q^, Qf ) in the SU{3)^ basis. The left-moving charges are: SU{3) 
charges Q2 , Q3, a 50(10) charge q, a U{1) charge Q and a discrete charge D coming from 
the Z3 twist. Here, the charge Q is the U{1) charge of the real boson which is shifted by 
2/3. 

Let us ffrst consider the untwisted sector. In the sector, the spectrum generating 
formulae (^) , (^2]) read: 

Vo-N = ^{Ho + Hi + H2 + H,) = ^ (modi) (90) 

V,-N = ^{H, + H2 + H,)-^-^- (Qf + Qf + Qf ) 

+ |-Q^ + 1d + ^Q = (modi) (91) 

r2-iV = ^(ifi + if2)-|-Qf + |-(Qf + Qf)=0 (modi) (92) 

Here, the quantum number D is the eigenvalue of the twist operator on the 6 twisted 
complex bosons. Since the twist is Z3, Z) = 0,1,2 (mod 3). For gauge bosons, Hq = 1. 
The right-moving energy given by 

ER = -l + lj2H] + ^ E(Qf )' + oscillators (93) 

j=0 j=l 
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implies that = (0, 0, 0). The original Narain model has gauge symmetry 5'f/(3)^ ® (Eq)^. 
It is easy to see from the last spectrum generating formula that all the S'f/(3)^ roots are 
projected out except = ±ei. As a result, S'[/(3)^ is broken to SU{2) ® U{lY. On 
the other hand, (Eq)^ is broken to the diagonal (-^6)3 by the Z3 outer-automorphism. The 
resulting gauge group is therefore SU{2)i (g) (£'6)3 ® U{lY. 

There are other massless states in the sector with their fermionic partners in Vq sector. 
To determine the chiralities of the fields, let us consider the Vq sector. We choose the 
convention that Hq = —1/2 for left handed fermions. The spectrum generating formulae 
read: 

Vo-N = ^{Ho + Hi + H2 + Hs) = ^ (modi) (94) 
V,-N=^-{H, + H2 + Hs)-^-^- (Qf + + Qf ) 

+|-Q^ + lz} + ^g = i (modi) (95) 

^2-iV = i(ifi + if2)-|-Qf + |-(Q^ + Qf) = ^ (modi) (96) 

Again, massless states have Q"^ = (0,0,0). First, consider states that are charged only 
under Q2 and Q3 and hence do not carry D and Q quantum number. The left-moving 
energy is zero only if (Q2 )^ + (Q3 )^ = 2. The spectrum generating formulae further restrict 
the choices to (Q2 , Q3 ) = (ei,0) for the field Uq, (e2,0) for f/±+, and (63,0) for f/±_. The 
definition of the fields as well as their if-charges are given in Table p| . 

Now we turn to states that has non-trivial D quantum numbers. The adjoint scalar $ has 
Q2 = Q3 = 0. The spectrum generating formulae give {Hi, H2, H3) = (+1/2, +1/2, +1/2) 
and 

D = 2{1- Q) (mod 3) (97) 

Upon decomposition of 78 of E^ into 5*0(10) ® U{1) representations: 

78 = 1(0) + 45(0) + 16(+3) + T6(-3) , (98) 

we notice that the component fields of 78 carry different U{1) charges. {Q = 0, 0, 1/2, —1/2 
respectively). It then follows from (^) that the component fields of a Eq multiplet can carry 
different discrete Z3 charges. We will return to this point when we discuss the superpotential. 
Now, let us turn to the twisted sectors. In Vq + Vi sector, 

Vo + Vi = {-l/2 (l/6)=^|(ei/3)='||(l/3),(ei/3)0|(l/3)^0^|(2/3),) , (99) 

the spectrum generating formulae (|55|) give: 

Vo-N=^{Ho + Hi + H2 + Hs) = ^ (modi) (100) 

^i-iV = ^(^i + ^2 + //3)-|-(Qf + Qf + Qf) 

+ |-Q2 +^^ + ^Q = ^ (modi) (101) 

\/2-Ar=i(iJi + i^2)-|-Qf + |-(Q^ + Qf) = +^ (modi) (102) 
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Since Ha ^ Z + ^ ior a = 1,2, 3, for massless states, {Hi, H2, H^) = (1/6, 1/6, 1/6) and hence 
Hq = 1/2. Therefore, this sector provides antiparticle states whereas Vq + 2Vi provides the 
corresponding particles. The if-charges (and also Q-charges) of particle and antiparticle 
states have opposite sign and so it suffices to consider only Vq + Vi sector. In this sector, 
for j = 1,2,3 and Q2 are shifted by ei/3. The simplest choice Q-^ = (ei/3, ei/3, ei/3) 
and (Q^, Q3) = (ei/3, 0) has Er = and 

El = -i + 1 E T^(i -Tl + l ((Q^)^ + (Qf )^) + li^r + + + 

The only possible massless states come from (q, Q) = (0,0), (v, — 1) and (c, — 1/2). Here 
0, V and c are the singlet, vector and spinor representation of S'O(IO) respectively, and 
together they form 27 of E^. It is easy to see that the spectrum generating formulae are 
satisfied. 

This, however, is not the only choice of (Q'^, Q'^) which gives rise to massless states. The 
appearance of the other massless states requires a careful explanation. Recall that the outer- 
automorphism 9 — V ( |5T| ) does not commute with the Wilson lines ( [77| ) and the combined 
action can be viewed as a non-Abelian orbifold corresponding to modding out the original 
Spin(32)/Z2 Narain model (which we refer to as N{1, 1) model) by the tetrahedral group T 
||T3| . This group is generated by three elements 9, Ri, R2, where 0^ = 1, (-Ri)^ = (-^2)^ = 1, 
and R2 = QRi- In our case, the Wilson lines Vi and V2 in (^) correspond to the elements 
Ri and R2, respectively, whereas the Z3 twist in (^) corresponds to the element 9. The 
Z2 twist in (IsTD commutes with all the elements 6,i?i,i?2 and will not be important for 
this discussion. The resulting El model is therefore a T x Z2 orbifold. The spectrum 
generating formulae are written in the basis in which the Wilson lines ([77|) are diagonal. 
Therefore, the Z3 action 6 in (^) is represented as a twist but not a shift. However, in 
determining the Q'^ charges, we can always go to the basis where the 6 twist is replaced by 
a shift Qf —>■ Qf + ei/3. (The Wilson lines in this basis are not diagonal). Notice that the 
conformal dimension of the momentum state h = |(ei/3)^ = 1/9 is the same as that of a 
Z3 twist field. We therefore have Q-^ = Pr + (ei/3, ei/3, ei/3) and Q-^ = Pl + (ei/3, ei/3, 0) 
where pr,pl € {Eq weight lattice), and pl—Pr G {Eq root lattice). We can add weight 
vectors {pr,Pl) to the above (Q^, Q^^) provided that the lengths (Q^)^ and (Q2)^ + (Qs)^ 
are preserved (hence Er = El = 0) and the spectrum generating formulae are satisified. It 
turns out there are 4 choices: 



X++ 

X-+ 

x+~ 

X— 



Q«= (63/3,63/3,61/3) Q^= (63/3,63/3,0) 

(62/3,61/3,63/3) (63/3,63/3,0) , . 

(63/3,61/3,62/3) (62/3,62/3,0) ^ ' 

(62/3,62/3,61/3) (62/3,62/3,0) 



For example, the (Q'^, Q'^) charges of x++ are obtained by taking Pr = pi = (— e^, — e^, 0). 

The other twisted sector fields coming from T6 and T2 sectors can be worked out in a 
similar way. The Q- and H- charges for the El model are summarized in Table |ITT[ The 
discrete D-charges are given in Table |VII1 . 
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3. Superpotential 



Now we are ready to calculate scattering amplitudes and deduce the non-vanishing terms 
in the superpotential for El model. Here we are only interested in whether a given term 
is vanishing or not, not in the actual numerical values of these couplings. That is, we are 
only concerned with the selection rules for the scattering. Since the coefficients ^"(Q) in 
the supercurrent are completely determined, calculating the actual numerical values of the 
coupling is rather straightforward, although certain couplings might be tedious to work out. 
We will return to such a calculation in future publications if there is a necessity for it to be 
done for phenomenological purposes. 

Let us recall our selection rules. First, all the terms in the superpotential must be gauge 
singlets. This is dictated by gauge invariance (G-charge conservation). Next, the if-charges 
must be conserved. Here one should be careful as the if-charges are altered by picture 
changing. Similarly, the Q-charges also must be conserved. These are also altered by picture 
changing, and Table |V| provides the quantum numbers of terms that are relevant when 
doing the picture changing by inserting the supercurrent Tp. Finally, the discrete charges 
(D-charges) coming from the left-moving coset Cl (recall that this is a level-3 model with 
reduced rank) must also be conserved. As we will see, D-charge conservation is guaranteed 
by G-, H-, and Q-charge conservation. We will see this explicitly in an SO{10) model in 
the next section. 

Let us first focus on gauge symmetries which are common for the El and E2 models. 
Gauge invariance implies that some of the fields cannot enter into the superpotential by 
themselves. For instance, must couple with D_ due to the SU{2) symmetry. Similarly, 
the only fields that are charged under the first U{1) are U± and x±- Therefore, they must 
enter into the superpotential in the invariant combinations If^U^, X+X~ U±x^. In the 
same fashion, Ui± and Xi±? ^ = are bound to form the invariant combinations Ui^Uj^, 

Xi+Xj- a-iid Ui±Xji^Xj2TXj3T a^ a consequence of invariance under the first U{1). 

Naively, the three-point couplings XoXi±XjT allowed by G-charge conservation. How- 
ever, the Q-charges are not conserved. Therefore, there is no three-point coupling in 
the superpotential. Nevertheless, conservation of Q- and if-charges allows a limited set 

of four-point couplings: XoX++X ^ and XoX+-X-+^- To see this, let us consider the 

H- and Q-charges of xo, X++ and x iii the —1, —1/2 and —1/2 picture respectively. 

The total iZ-charge is then (1/3, 1/3, 1/3) + (-1/6, -1/6, -1/6) + (-1/6, -1/6, -1/6) = 
(0,0,0), whereas the total Q-charge is (— ei/3, — ei/3, — ei/3) + (-63/3,-63/3,-61/3) + 
(-62/3, -62/3, -61/3) = (0, 0, -61). The adjoint $ has if = (0, 0, 1) and Q = (0, 0, 0) in the 
— 1 picture. Using the supercurrent we have constructed in the previous section, it is easy 
to see that $ in the 0-picture contains a term with H = (0, 0, 0) and Q = (0, 0, 61). Hence, 

the four-point coupling xoX++X ^ is allowed. Similarly, one can show that XoX+-X-+^ is 

allowed but other four-point couplings such as xoX++X+-^ and xoX-+X are forbidden. 

This analysis has been performed in the SU{3Y basis, but we could have equally success- 
fully used, say, the SU{2)^ f/(l)^ basis for the El model, and obtained the same result. 
Notice that $ carries ii-charges in the —1 picture and so by itself for any integer n is 
not allowed in the superpotential due to if-charge conservation. Hence, the adjoint $ is a 
moduli. However, in the 0-picture, $ contains terms with H = (0, 0, 0) and Q = (0, 6^, 0) or 
(0, 0, 60,). Therefore, $^ contains terms with no H- and Q-charges when all the $ are in the 
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0-picture. An immediate consequence is that if w is an allowable A^-point coupling (A^ > 3) 
in the superpotential, then t(7<l>^" is also allowable. 

Let us now turn to the D-charge. As mentioned before, in the branching Eq D 50 (10) ® 
[/(I), the component fields {i.e., different representations of S'O(IO)) of a Eq multiplet 
carry different D-charges. They are summarized in Table |V111| . This /^-charge is a Z3 
symmetry charge and so it must be conserved modulus 3. The origin of this Z)-charge is 
the 5*3 permutation symmetry of the three {E^)^ ^ 5*0(10)^ ® U{lY. A priori, D-charge 
conservation imposes an extra constraint on the superpotential. However, it turns out that 
this D-charge conservation is subsumed in the other selection rules. To see this, consider 
the example of XoX++X ^ coupling. In terms of 5*0(10) ® U{\) representations, 

XoX++X—^ = [Q0Q++H— + Q0Q—H++ + Q++Q__Ho 

+ HoH++S^^ + HoH__S++ + i/++iJ__5o]($ + 0) 

+ IQ0H++S — + QoH — S++ + Q++H0S — + Q++H — 5*0 

+ Q-^HoS++ + Q-H^+So + QoQ++Q-]Q 

+ [QoH^+H__ + Q++H^H__ + Q__HoH^+]Q (105) 



From Table |V111| , one can easily check that the D-charge is conserved for every term on the 
right-handed side. The same is true for other terms in the superpotential. 

It is, therefore, useful to organize the fields and the invariant combinations according to 
their U{1)^ G-charges, Q-charges and if-charges when deducing the selection rules. Instead 
of trying to write down the most general form of the superpotential, for illustrative purposes 
we will give the lowest order non-vanishing couplings here: 

W= Al($^D+Z}_)xo(x++X— +X+-X-+)* 
+ A2(<I'^ D+D^)x+X-ix++X— + X+-X-+) 
+ X,{<^\ D+DJ)Uo{U++U^^ + f/+-f/-+) 

+ A4(<I'^ D^D^)[xUU^- + xl-U-+ + xUU+- + X--U++]^' 

+ A5(<f^/^+/^-)(xo)'^/o/^+/^-<f' 

+ A6($^D+D_)[(x+)'t/- + x'_f/+]/^+/^-<f + ... , (106) 

where traces over the irreps of the gauge group are implicit. Here, A^ are certain polynomials 
of their respective arguments such that Afc(O) 7^ 0, i.e., 

Afc(<l>^ D^D_) = J2 Xkmn^^'^iD+D^Y (107) 

m,n 

It is clear that all discrete (local) symmetries impose stringent constraints on the couplings. 
This is clearly an important property of string theory. 



D. E2 Model: Shift Construction 

After a detail discussion of the El model, our discussion of the E2 model will be brief. 
The generating vectors in the shift formalism which produce the E2 model are: 
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Vi = {0 (-l/3)2|O,ei/3,ei/3||0,ei/3,O|P|2/3) , 

V2 = (0 (-1/2)2 o|ei/2,0,0||0,ei/2,ei/2|0^^|0) . (108) 

As in El model, we can rewrite the generating vectors as follows: 

yi = (0 (-l/3)2|0,ei/3,ei/3||(l/3)t,ei/3,0|(l/3)f0,5|(2/3),) , 

V2 = (0 (-1/2)2 0|ei/2,0,0||0,ei/2,ei/2|0^^|0) . (109) 

The structure constants can then be determined: /cqo = ^10 = ^02 = 0, ku = k2o = = If^, 
and koi = ku = k2i = 2/3. 

The currents idX"- that satisfy the triplet constraint (|19D and the OPEs (|T7|) are given 

by 

idX' = 1 ( J, + J2 + J3 - J,) , 

idX^ = (Li + L2 + L3 + L4 + L5 + Le) , (110) 



idX^ = 1={K, + K2 + K,-K[ + K'2 + K'^) , 



where Jj = exp(— iaj0)c(— Oj), Lj = exp(— i/3j0)c(— /3j), Ki = exp{—iki(f))c{—ki) and K'- = 
exp{—ik^(f))c{—k'j). Here, a^. Pi, ki and A;^ are the roots of Eq defined in Table ^ It is easy 
to see that ai, . . . , 04 are simple roots of SU{2y whereas Pi, . . . , P5 and —Pq form the simple 
roots and the highest weight of SU{6). The roots of Eq that enter into idX^ are the same 
as that in El model because again the Z2 action does not act on dX^ and and so idX^ 
can be expressed in terms of the root generators of SU{3Y. 

The massless spectrum of the E2 model can be obtained in a similar way. The G-, Q- and 
if-charges for the E2 model are given in Table 0. Notice that El and E2 models have the 
same massless spectrum with some of the twisted and untwisted sector fields interchanged. 
By examining some of the lowest order non-vaishing couplings, one sees that the El and E2 
models have the same tree level superpotential. 



VII. 50(10) MODEL 

We have seen in the previous section that for models which admit a bosonic supercur- 
rent, scattering amplitudes become straightforward to compute. However, there are other 
three-family grand unified models classified in which do not admit a basis where the 
supercurrent can be bosonized. It is, nonetheless, possible to deduce the superpotential in 
an indirect way. We will use the Tl(l, 1) and T2(l, 1) models of Ref to illustrate how 
this can be done. 

Let us begin with the construction of the models. Start from A^(l, 1), i.e., the = 4 
SUSY Spin(32)/Z2 model, and add the following Wilson lines: 

Vi = (0^|0 ei/2 ei/2||ei/2 0|s 0|;S) , (111) 
V2 = (0^|0 62/2 62/21162/2 0|0 s 0|;S) . (112) 
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The resulting model, which we will refer to as A^2(l, 1), is a = 4 SUSY model with gauge 
symmetry SU{3f 5*0(10)^ ® f/(l)^ provided that we set kio = fcao = 0. 

• The Tl(l, 1) model. Start from the A^2(l, 1) model and perform the same twists and 
T2 as in the El model ([79|). This model has SU{2)i ® SO^IO)^ ® ^^(1)'^ gauge symmetry. 
The massless spectrum of the Tl(l, 1) model is given in Table 

• The T2(l, 1) model. Start from the A^2(l, 1) Narain model and perform the same twists T3 
and T2 as in the E2 model (ppj). This model has SU {2)i® SO {10)3<^U{iy gauge symmetry. 
The massless spectrum of the T2(l, 1) model is given in Table 

The models Tl(l, 1) and T2(l, 1) are possibly a T-dual pair just as El and E2 are. We 
will compute the superpotentials for these models, and show that they are the same. 

Let us briefly discuss the underlying conformal field theory, or the Kac-Moody algebra 
Q'j^, for the ri(l, 1) and T2(l, 1) models. Without going into details, we simply state the 
results: G'^ = SU{2)3 ® f/(l) for the Tl(l, 1) model, and Q'j^ = SU{2)3 ® SU{2)i for the 
T2(l, 1) model. Thus, what happens is that the first three SU (2)is in both models (meaning 
starting from El and E2 and arriving at T1{1, 1) and T2{1, 1), respectively) are broken down 
to their diagonal subgroup SU{2)3. The last two U{l)s are completely broken. The first 
U{1) in the El model, and the last SU{2)i in the E2 model are untouched. In the process 
of this breaking one encounters additional cosets Cr, which give rise to certain discrete 
symmetries. 

Therefore, the 5*0(10) models Tl(l,l) and T2(l, 1) do not admit bosonization of the 
supercurrent because the corresponding right-moving Kac-Moody algebras Q'j^ have reduced 
rank which is less than 6. There is, however, a way to deduce their superpotentials which is 
due to the fact that they are connected by (classically) fiat directions to the Eq model. 

Comparing the massless spectrum of the SO{10) model to that of the Eq model, given 
in Table y, we see that the two spectra are very similar. In particular, the spectrum of the 
5*0(10) model is the same as that of the Eq model with a non-zero vev of the adjoint $ of 
(£"6)3 such that the (-^6)3 is broken down to 50(10)3 ® U{1) (the last U{1) in the first and 
second columns of Table pC]) . Therefore, the 27 of (£'6)3 branches into 16(— 1) + 10(-|-2) -|- 
l(-4) of 50(10)3 O f/(l). The adjoint 78 branches into 45(0) + 1(0) + 16(+3) + T6(-3). 
Note that the 45(0) and 1(0) are present in the 5*0(10) model, the 16(+3) and 16(— 3) are 
missing, however. This is due to the fact that the latter have been eaten by the corresponding 
gauge bosons of {Eq)^ in the super-Higgs mechanism. Thus, in the effective field theory 
language, the 5*0(10) model is the same as the Eq model with the adjoint vev turned on. 
There is a subtlety here. The two models are equivalent only if we also turn on the vev of 
the singlet in the 5*0(10) model correspondingly. This can be seen from the fact that once 
the adjoint of (£'6)3 acquires a vev, there is an effective three-point Yukawa coupling in the 
50(10) model which has the form i^oQ+Q- (here we define Q± and Q'j_ in the same way as 
X± and x±)- the 5*0(10) model without the vev of turned on there are only four-point 
couplings HqQj^Q_(P and HoQ+Q_^. Thus, to get the three-point coupling, we have to 
turn on the vev of (j) (whereas turning on the vev of $ in the 50(10) model would break the 
50(10) symmetry further, say, to 5f/(5) ® f/(l)). From this discussion it is clear how to get 
the superpotential for the 5*0(10) model from that of the Eq model. One simply starts from 
the latter and turns on the vev of the adjoint of (£"6)3. In practice, just to get the selection 
rules for the 5*0(10) model, simply replace xs by {Q + H + 5*)s (and similarly for x-s), and 
$ by $ + 0. Let us write down the first few lowest order terms in the superpotential: 
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w 



Ai(($ + (/)')^ D+D^) [Qo{Q++H^- + Q+-H^+ + + Q-H++) 

+ HoiQ++Q— + g+-g-+) + ifo(^++5— + H^-S-+ + H_+S+^ + H__S, 

+ A2(($ + 0')', D+D_) [Q+Q-{Q++Q- + Q+-Q-+) 

+ (g+s_ + g_5+)(g++5__ + g+-5_+ + g-+5+_ + Q—S++) 
+ + ^_s+)(g++g__ + g+-g-+) 

+ (g+#_ + Q-H+)iQ++H^- + g+-i/-+ + Q-+H+^ + Q—H++) 
+ A3(($ + 0')', /^+Z^-)f/o(f/++f/- + 



+ A4(($ + 



(g 



+ (113) 



where traces over the irreps of the gauge group are imphcit and the Clebsch-Gordan coeffi- 
cients are of order 1. The field 0' is defined to be 

0' = 0+(0) (114) 

Here, A^ are certain polynomials of their respective arguments such that Afc(O) ^ 0, i.e., 

Afe((<l> + 0')^ D+D^) = A,^„($ + 0')'™(/^+/^-)" (115) 

m,n 



VIII. SU{<6) MODELS 

In this section we give the construction of two three-family SU{Q) models. Both of them 
can be obtained from the models discussed in section VI by adding the following Wilson 
line: 

l-3 = (0103||0,e^e^|(H^^2^3|0)_ (116) 

Since the Wilson line V3 does not act on the right-movers, the supercurrent is the same as 
that of the original Eq model. 

• The SI model. Add the V3 Wilson line to the set (|8lD and set A;i3 = or /cia = 1/3 (both 
choices give the same model). This model has SU{?>)i ® SU{Q)^ ® U{lY gauge symmetry. 
The Q- and if-charges of the massless spectrum are given in Table ^ 

• The 52 model. Add the V3 Wilson line to the set (|8TD and set fcis = 2/3. This model has 
SU (2)1 ® SU (2)1 ® SU (6)3 ® U (1)^ gauge symmetry. The Q- and if-charges of the massless 
spectrum are given in Table 

• The S?> model. Add the V3 Wilson line to the set ( |108|) and set ki^^ = or ^13 = 1/3 (both 
choices give the same model). This model has S'f/(3)i ® SU{Q)3 (E) ^(1)'^ gauge symmetry. 
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The Q- and if-charges of the massless spectrum are given in Table pCI]| . 



• The 5*4 modeL Add the V3 Wilson line to the set ( 108 ) and set ^13 = 2/3. This model has 
SU {2)1 ® SU (2)1 ® SU{Q)^ ® U (1)^ gauge symmetry. The Q- and if-charges of the massless 
spectrum are given in Table PCII1| . 

The models 51 and 5*3 have the same tree-level massless spectra. We will show that 
interactions are also the same. These two models are possibly T-dual to each other. Similarly, 
5*2 and 54 are a possible T-dual pair. 

A. Superpotential For 5'[7(6) Model SI = 5*3 

Next we give the superpotential for the 5*1 = 53 model. We will be brief here as the 
techniques involved in deducing the selection rules should be clear by now after we have 
given the example of the Eq model. 

The superpotential for the 5f/(3)i ® SU{<6)^ ® U{lf model (51 = 53) reads: 

W = Ai($, 0)f/o(f/++[/- + f/+-f/-+) + A2($, 0)To(r+f/^+ + T_f/++) 
+ A3($, 0)foT_f/o + A4($, 0)ToTot/_ 

+ A5($,0) E yABc[U++{F^F^F^ + \f^F^F^) + U.+ {F^F^FS + \f^F^F^)] 

A,B,C 

+ [A6($, 0)$' + A7($, 0)$0 + A8(<l>, 0)02] 

X E{f^++[(^- + F^iF^n + u^AiFtf + F:^iF:^r]} 

A 

+ X,{<I>,<P)T.[F+S^ + F^S^]S^ 



A 

A,B,C 



+ [Aio($,0)$ + An(<f,0)0] E VABciF^S^ + F^Sf)S, 

A,B,C 

+ Ai2($,0)t/+r+fo E VABcF^F^F'' 

A,B,C 

+ [Ai3($, 0)$ + Ai4($, 0)0]f/+T+To E(^^)' 

A 

+ Ai5($, 0) E ZABF^'S^iFfS^ + F^~Sl + F^~S^ + F^5^) 

+ [Ai6($, 0)$ + Ai7(<l>, 0)0] E yABcF''S\F^~S^_ + F^5^) 

+ [Ai8(<l>,0)$2 + Ai9($,0)$0 + A2o($,0)0'] E 2/ABc[i^^5f + F^5:^]F^5 

+ [A2l($, 0)$' + A22($, 0)$'0 + A23($, 0)$0' + A24($, 0)0'] 

X Y.[F^S^ + F^Sl]F'^S^ 

A 

+ A25($, 0) E yABc[{Ftf + {F^f]S^S''{U^^U^. + U.^U..) 



A,B,C 



+ A26(<I',0) E 2/ABci^^i^^5^5^(f/++f/__ + f/+_f/_ 



A,B,C 
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+ [A27($, + A28($, 0)0] E -^Asi^^Ff + 

A,B 

+ [A29($, 0)$^ + A3o($, 0)$0 + A3l($, 0)0^] 
A,B,C 

+ [A32($, 0)$ + A33($, 0)0] E ^Asi^^i^^-5^^^(C/++C/__ + U+-U_+) 

A,B 

+ [A34($, 0)$' + A35($, 0)$0 + A36($, 0)0'] 

X E l/^sci^^i^i^(^'')'(C/++C/- + C/+-C/-+) 
+ A37($,0) E VABcSiS^iF^'TUo 

A,B,C 

+ [A38($,0)$ + A39($,0)0] E yABcSi~S^F^F^Uo 

A,B,C 

+ [A4o(*, 0)*' + A4i($, 0)$0 + A42($, 0)0'] E S^S^iF^fUo 

A 

+ [A43($, 0)$' + A44($, 0)$0 + A45($, 0)0'] E ZabS^S^F^F^Uo + ... , (117) 

A,B 

where A^, A; = 1, 45, are certain polynomials of their respective arguments, which combine 
into the terms of the form $3"-"'0"^, n,m e N, such that Afc(O,0) ^ 0, and Afc($,0) ^ 0, 
and traces over the irreps of the gauge group are implicit here. The coefficients Uabc ^-nd 
zab are defined as follows: i/abc — ^abc, and zab = 1 — Sab- 

B. Superpotential For SU{6) Model S2 = SA 



The superpotential for the SU{2)1 (g) SU{6)3 (8) U{1)^ model {S2 = SA) reads: 

= Ai($, <p)Uo{d++d__ + d+_t;_+) + A2($, 0)(D+(i_A_ + D_(i+A+) 
+ A3($,0)t/oA+A_ E VABcF^F^'F^ 

A,B,C 

+ [A4($, 0)$' + A5($, 0)$0 + A6($, 0)02]C/oA+A_ E(^^)' 

+ A,($, 0) E + si_s^^] 

A 

+ [A8($,0)$ + A9($,0)0] E yABcF^{S^J^_ + S^J^_) 

A,B,C 

+ Aio($, 0) E ZABSiS^iSiJ^_ + s^J^_ + si_s^^ + s^_s^^) 

A,B 

+ [Aii($, 0)$-^ + Ai2($, 0)$'0 + Ai3($, 0)$0' + Ai4($, 0)0'] 

X E S^S^{S^^S^_ + S^_S^+) 

A 

+ [Ai5($,0)$ + Ai6($,0)0] E 2/ABC^X(^f+^-- + ^-+^f-) 

A,B,C 
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X E l/Ai.c5^5^(^^+5^_ + + ... . (118) 

A,B,C 

The couplings and the coefficients Uabc and zab are defined in the same way as in the 
5*1 = 5*3 model. 

IX. REMARKS 

Using the bosonic supercurrent formalism, we give a prescription how to calculate the 
correlation functions in the 3-family grand unification models. We use this approach to 
determine the quantum numbers of the massless spectra of some of these models. This gives 
us selection rules for the allowed couplings in the respective superpotentials. Many couplings 
that are allowed by gauge symmetries are forbidden by stringy discrete symmetries. The 
explicit values of the couplings are not hard to determine; however we will leave them for the 
future. Even without their explicit determination, there are still plenty of phenomenological 
issues one can address. This will also be discussed elsewhere. One question that might need 
clarification is whether there are additional discrete quantum numbers associated with the 
coset {Cl) coming from the rank reduction. 

In this paper, we discuss explicitly some 3-family grand unified string models: the unique 

model, an 5*0(10) model and two SU{Q) models. There are other 5*0(10), 5f/(5) and 
SU{6) three-family grand unified string models classified in Refs 0]. Most of these models 
are connected to the unique Eq model by classically fiat moduli. Some SU{5) models are 
connected to the two 5*f/(6) models. Finally, there are a few SU (5) models and one unique 
50(10) model that are isolated from the Eq and two 5*f/(6) models we have described here. 
The superpotentials of the models that are connected to the above models via fiat moduli 
can be easily obtained simply by giving the fiat moduli appropriate vevs. These vevs can 
be of the order of string scale. 

As we have already mentioned, some of these models do not admit bosonization of 
the supercurrent because their corresponding right-moving Kac-Moody algebras Q'j^ have 
reduced rank which is less than 6. Thus, deducing the discrete symmetries is complicated 
by the presence of the right-moving cosets Cr. There is, however, a way to deduce their 
superpotentials when they are connected by (classically) fiat directions to the above three 
models. We have illustrated how this can be done with the 50(10) model Tl(l,l) = 
T2(l,l). 

We note that all the couplings (in string units) A^ are of order one for vanishing values 
of the $ and vevs. The latter fields are (classically) fiat moduli in these models. In the 
Eq and the two SU{6) models we have studied in this paper, there are no other completely 
fiat moduli of a geometric origin, but such fiat directions are present in other three-family 
grand unified string models classified in Refs Their stabilizations can only be achieved 
via non-perturbative dynamics. 
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TABLES 



Field 



SU{3) 0Eq0Es0 SU{3f 



(5^-charges in SU{3Y 



{Hi, H2, H^)- 



{Hi,H2, H^)-i/2 



U 



Xi 

X3 



(3,27,1,1,1,1) 
(3,27,1,1,1,1) 
(3,27,1,1,1,1) 



(0,0,0) 
(0,0,0) 
(0,0,0) 



(+1,0,0) 
(0,+l,0) 
(0,0, +1) 



V^2' 2' 1' 

V 2 ' ^ 2 ' 21 

V 2' 2' ^2/ 



T3 



X 

Xi+ 
X\- 

X2+ 
X2- 
X3+ 
X3- 

T 

^xyz 



(3,27,1,1,1,1) 
(1,27,1,3,1,1) 
(1,27,1,3,1,1) 
(1,27,1,1,3,1) 
(1,27,1,1,3,1) 
(1,27,1,1,1,3) 
(1,27,1,1,1,3) 
(3,l,l,x,y,z) 



(-ei/3,-ei/3,-ei/3) 

(-62/3, -ei/3, -ei/3) 
(-63/3, -ei/3, -ei/3) 
(-ei/3, -62/3, -ei/3) 
(-ei/3, -63/3, -ei/3) 
(-61/3,-61/3,-62/3) 
(-ei/3, -61/3,^63/3) 

(Q(x),Q(y),Q(z)) 



V 3 ' 3 ' 3 
3' 3^ 
3' 3^ 
3' 3^* 
3' 3^ 
3' 3^ 
3' 3^ 
3' 3/ 



(_1 _1 _1) 

V 6' 6' %i 

>^ 6' 6' 

V 6' 6' %' 
f_l _1 _1) 

V 6' 6' 

V 6' 6' 6/ 
^ 6' 6' 

6' 6' i^l 

V 6' 6' 6/ 



TABLE L The Q^- and if-eharges (in the —1 and —1/2 pictures) of the massless fields 
in the asymmetric Z3 orbifold model. Here, x, y and z are irreps of S\J (3) such that only one of 
them is a singlet and the others can be either 3 or 3. The charges Q as a function of irrep is given 
by Q(l) = -61/3, Q(3) = -62/3 and Q(3) = -63/3. 
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M 


SU{2)®EQ®U{lf 


Field 




Field 




(1,78)(0,0,0)l 




(1,78)(0,0,0)l 




TT 

u 


(l,lj(U,+b,UjL 


J T 


(l,lj(0,+6,0jL 


T T 




2(1,1)(0,-3,±3)l 


u+±, C/-± 


(2,1)(0,0,±3)l 


D± 








{1,1){±6,+6,U)l 


TT 


1 6 


(l,27j(U, -2,UjL 


Xo 




Xo 




2(1,27)(0,+1,±1)l 


X+±,X-± 


(1,27)(±1,-1,0)l 


x± 


ib 


(l,27j(±l,-l,0)L 


x± 


2(l,27j(0,+l,±l)L 


X+±,X-± 


T2 


(2,1)(0,0,±3)l 


^± 


2(1,1)(0,-3,±3)l 






(1,1)(±3,+3,0)l 








U{1) 


(1/V6, 1/3^2, 1/V6) 




(1/V6, 1/3^2, 1/V6) 





TABLE II. The massless spectra of the T-dual pair of models E\ and E2 both with gauge 



symmetry SU{2)i (£'6)3 ^ ^(1)^- The U{1) normalization radii are given at the bottom of the 
Table. The gravity, dilaton and gauge supermultiplets are not shown. 
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El 


Field 


SU{2) (^Ee(^ U{lf 


Q-^-charges in SU{3f 


{Hi,H2,H^)-i 


{Hi,H2,H3)_i/2 


U 


^> 

u+± 


(1,78)(0,0,0)l 
(1,1)(0,+6,0)l 
(1,1)(0,-3,±3)l 
(1,1)(0,-3,±3)l 


(0,0,0) 
(0,0,0) 
(0,0,0) 
(0,0,0) 


(0,0, +1) 
(0,0, +1) 
(+1,0,0) 
(0,+l,0) 


V 2' 2,^2/ 

V 2' 2,^2/ 

f+i _i _1) 

V ' 2 , 2 , 2 / 

\ 2 ' ^2 ' 2/ 


TS 


Xo 

X++ 

x+- 

X — 


(l,27)(0,-2,0)£ 

(l,27)(0,+l,+l)i 
(1,27)(0,+1,+1)l 
(1,27)(0,+1,-1)l 
(l,27j(U, +i,-ijL 


-(ei/3, ei/3,ei/3) 

-(63/3,63/3,61/3) 
-(62/3,61/3,63/3) 
-(63/3,61/3,62/3) 
-(62/3,62/3,61/3) 


(+3' +3' +3) 

(+3' +3' +3) 
/, 1 ,1 1 In 
V"'~3' """3' "'"3'' 


/ 1 1 1\ 

V 6' 6' 6/ 

^ 6' 6' 6' 

V 6' 6' 6/ 
f_i _i _1) 

V 6' 6' 6/ 
/ 1 1 1\ 

V 6' 6' 6/ 


re 


x+ 

X- 


(l,27)(+l,-l,0)i 
(l,27)(-l,-l,0jL 


(-61/6,63/3,63/3) 
(-61/0,62/3,62/3; 


/ 1 1 ,1 1 2n 
V"'"6' """6' """3/ 


>^ 3 • 3,16'' 

V 3' S'^'^e/ 


T2 


D± 


(2,1)(0,0,±3)l 
(1,1)(±3,+3,0)l 


(ei/2,0,0) 
-(ei/2,0,0) 


(+i,+i,0) 
(+i,+i,0) 


(0,0, -i) 
(0,0,-i) 


^(1) 




(1/^6, 1/3^2, 1/V6) 




(1,1,1) 


(1,1,1) 



TABLE III. The G-, Q - and if-charges (in the —1 and —1/2 pictures) of the massless fields 



in the El model. The U{1) normalization radii for the G- and iJ-charges are given at the bottom 
of the Table. The Q^-charges (in the —1 picture which are the same as in the —1/2 picture) are 
written in SU (3)^ basis. 
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El 


-charges in SU{3y basis 


1 

co-marks 








1 






/ ~0 ~1 ~2\ 


2 






03 = (e2,0,0) 


3 




loX 


04 = (— e , e , — e j 


2 


(-1,0,0) 




05 = {-e^,-e^,e^) 


1 






ae = (-e", -e , -e"j 


2 






ay = (—£''■, e"*", —6"*") 








= —a\ — za2 — 003 — 204 — 05 — zqq 


-1 
i 






ti = (e , — e , e j = —ai — 02 — 03 — 04 — 06 


1 






<2 = (e , e , e j = oi + 2a2 + ^03 + 04 + oe 


2 






^3 = (es, 0, 0) = -02 - 203 -04-06 


3 




loX 


/4 = (e , -e , e^'j =02 + 203 + 204 + 05 + 06 


2 


(0,-1,0) 




I5 = (e°, e^, -e^) = -02 - 03 - 04 - 05 - 06 


1 






^6 = (C"^, — 6°, — e^) = — Ol — 02 — 03 — 04 — O5 


z 






/ (^0 n\ n'V\ 7 07 Q7 07 7 07 

I7 = ye , —e ,e ) = — ti — 2/2 — 0(3 — 2/4 — I5 — 








= Ol + 02 + 203 + 04 + 05 + 06 


-t 
1 






ki = (0, ei, 0) = — Ol — 02 — 2a3 — 204 — 05 — 06 


1 






k2 = (0, 62, 0) = Ol + 02 + 03 + 04 


1 






^3 = (0, 63, 0) =03 + 04 + 05 + 06 


1 






ki = (0, 0, ei) = Ol + 02 + 03 + ae 


1 


(0,0,-1) 




^2 = (0, 0, 62) =02 + 03 + 04 + 05 


1 






k^ = (0, 0, 63) = — Ol — 2a2 — 2a3 — 04 — 05 — 06 


1 





TABLE IV. The terms that enter the expressions for the currents idX"' for E\ model. In 
the first column they are given in terms of their quantum numbers under the Kac-Moody algebra 

= E'e in the S'C/(3)^ basis. The weight vectors e^, are defined by e*ej = 5*, and = — e^. 
The co-marks of the roots are given in the second column. The corresponding ff-charges carried 
by the supercurrent are given in the last column. 
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E2 


Field 


SU{2) (^Ee(^ U{lf 


Q-^-charges in SU{3)^ 




{Hi,H2,H3)_i/2 


U 


D± 

u± 


(1,78)(0,0,0)l 
(1,1)(0,+6,0)l 
(2,l)(0,0,±3)i 
(1,1)(±3,+3,0)l 


(0,0,0) 
(0,0,0) 
(0,0,0) 
(0,0,0) 


(0,0, +1) 
(0,0, +1) 
(-1,0,0) 
(0,-1,0) 


("I"! ' "'"2 ' "'"2) 

vT^2' ^2' ^2/ 

f_l +i _1) 
V 2 , ' 2 , 2 / 

V^2' 2' 2/ 


T3 


Xo 

x+ 

X- 


(1,27)(0,-2,0)l 

(l,27)(+l,-l,0)i 

(1,27)(-1,-1,0)l 


(0,-ei/3,-ei/3) 

(0,63/3,63/3) 
(0,62/3,62/3) 


(o>-i>+5) 
(o>-i+i) 
(0,-i+i) 


V^2, 6' 6/ 
(+|,+f,+|) 

(+2' "'"G' "'"e) 


re 


X++ 

X-+ 
X+- 
X — 


(1,27)(0,+1,+1)l 
(1,27)(0,+1,+1)l 
(1,27)(0,+1,-1)l 
(1,27)(0, 


(eV2, -63/3, -61/3) 
(-eV2, -61/3, -63/3) 
(eV2, -61/3, -62/3) 
(-e /2, -62/3, -ei/3j 


V 2' G'^S/ 

V 2' 6'^3'' 

V 2' 6'^3'' 
/ 1 1 I 1\ 
I 2' 6'"'"3/ 


(o,+i-|) 
(O'+i-s) 

(0>+3'-6) 


T2 


u+± 


(1,1)(0,-3,±3)l 
(1,1)(0,-3,±3)l 


(ei/2,0,0) 
(-ei/2,0,0) 


(-i-io) 
(-i-io) 


(0,0, -i) 
(0,0,-i) 


^(1) 




(1/^6, 1/3^2, 1/^6) 




(1,1,1) 


(1,1,1) 



TABLE V. The G-, Q - and if-charges (in the —1 and —1/2 pictures) of the massless fields 



in the E2 model. The U{1) normalization radii for the G- and iJ-charges are given at the bottom 
of the Table. The Q^-charges (in the —1 picture which are the same as in the —1/2 picture) are 
written in SU (3)^ basis. 
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E2 


Q^-charges in SU (3)^ basis 


co-marks 






ai = -(62,0,0) = -03 


1 






a2 = (—e , e , — e ) = ai 


-1 
i 




loX'- 


( ~i -2 ~2\ 

as = (-e , -e^,e^) = 05 


1 


(-1,0, 0) 




0:4 = \—e , e , — e ) = —ai — 202 — 003 — ^04 — 05 — zuq 


-1 
1 








1 






P2 = 5 , e^j = Oi + la^ + ^03 + 204 +05 + 05 


1 






/33 = (e0,-g0,e~i) = -o4 


1 




I OA. 


PA — \—e ,—e ,—e ) — — oi — 02 — 03 


i 


(0, -i,Uj 




P5 — (e , e , e J — -oe 


i 






P6 = (— e , e ,—e j = — 03 — 04 — 05 


-1 
i 






fci = (0, ei, 0) = — Ol — 02 — 203 — 2o4 — 05 — oe 


1 






^2 = (0, 62, 0) = Ol + 02 + 03 + O4 


1 






^3 = (0, 63, 0) = 03 + 04 + 05 + 06 


1 






= (0, 0, ei) = Ol + 02 + 03 + 06 


1 


(0,0,-1) 




^2 = (0, 0, 62) =02 + 03 + 04 + 05 


1 






= (0, 0, 63) = -Ol - 2o2 - 203 - 04 - 05 - 06 


1 





TABLE VI. The terms that enter the expressions for the currents idX'^ for E2 model. In 
the first column they are given in terms of their quantum numbers under the Kac-Moody algebra 
Qr = Eq in the SU{?>)^ basis. The weight vectors e^^ e} are defined by eJ'ej = (5], and ^ = e} — e)- . 
The co-marks of the roots are given in the second column. The corresponding iJ-charges carried 
by the supercurrent are given in the last column. 
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Qr 


dU [2) (E) U yi.) 


bU[2) ®U[1) 


DU [6) 




(l,l,l)(+3,0,0) 


(l,l,l,2+)(0,0,0) 


(ei/2,0,0) 




(1,1,1)(0,+12,0) 




(0, ei,ei) 




(l,l,l)(0,0,+4) 


(l,l,l,l)(0,+4) 


(0,-e2,-e2) 




(l,l,2+)(0,0,0) 


(1,1,2+, 1)(0, 0,0) 


(eV2,eV2,-gV2) 




(1,2+,1)(0,0,0) 


(1,2+,1,1)(0,0,0) 


(eV2,eV2,-eV2) 




(2+,l,l)(0,0,0) 


(2+,l,l,l)(0,0,0) 


(eV2,-eV2,eV2) 


U{1) 


(1/3^2, 1/6, 1/2^3) 


(1/6, 1/2V3) 





TABLE VII. The quantum numbers under the Kac-Moody algebra Q'^ in the 5*^7(3)^ basis. For 
El model, g'^ = SU{2f ® U{lf. For E2 model, g'^ = SU{2f ® U{lf. The U{1) normalization 
radii are given at the bottom of the Table. Here 2+ and 2_ stand for the upper and lower 
components of an SU{2) doublet. In the SU{2) D C/(l) basis we have 2± = (±1). 
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Field 


SU{2) ®Eq® U{lf 


Field 


SU{2) 50(10) «) ?7(1)4 


D-charge 


$ 


(1,78)(0,0,0)l 




(1,45)(0,0,0,0)l 


2 






9 


(1, 1)(0,0,0, 0)l 


o 
z 






Q 


(1,16)(0,0,0,3)l 


-I 

1 






Q 


(1,T6)(0,0,0,-3)l 





Xo 


(l,27j(U, -2,UjL 


^0 


/I t ^\fr\ on i\ 


i 






TJ 

-no 


[L. iUj(^U, — /!, U, 


U 






-So 


(l,l)(0,-2,0,-4)i 


2 


X+± 


(1,27)(0,+1,±1)l 


Q+± 


(l,16)(0,+l,±l,-ljL 


o 
z 






TT 


(1,10)(0, +1,±1,+2)l 


-1 

i 








(l,l)(0,+l,±l,-4)i 





X-± 


(l,27j(0,+l,±ljL 


Q-± 


(l,16j(0,+l,±l,-ljL 


o 
z 






TT 


(1,10)(0, +1,±1,+2)l 


-1 

i 








(1,1)(0,+1,±1,-4)l 





x± 


(1,27)(±1,-1,0)l 




(1,T6)(±1,-1,0,+1)l 


1 








(l,10)(±l,-l,0,-2)i 


2 






s± 


(l,l)(±l,-l,0,+4)i 






TABLE VIII. The discrete D-charges for El model. The second column gives the gauge 



quantum numbers of the fields in El model. The fourth column gives the gauge quantum numbers 
of the fields in the branching Eq D SO (10) ^U{1). The last column gives the discrete D-charges. 
This D-charge comes from a Z3 symmetry and must be conserved modulus 3 in the scattering 
amplitude. Fields in the El model that have Z) = for the entire Eq multiplet are not shown. 
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1 1(1, ij 




J 2(1, Ij 




M 


0(7 (zj ® bU\l\j) ® (7 (-LJ 


r lela 


oU [2) ^ dU[l\j) ® ^ [^) 


r leid 




(1,45)(0,0,0, Ojz, 




(1,45)(0,0,0,0)l 






(1,1)(0,0,0,0)l 


(.6 


(1,1)(0,0,0,0)l 




T T 

u 






(l,lj(±3,+3,U, UjL 






(1,1)(0, +6,0,0)l 


T T 


(l,lj(L), +b,U,UjL 


r r 








(2, lj(0,0,±3,0)L 






(1,16)(0,-2,0,-1)l 


Qo 


(1,16)(0,-2,0,-1)l 


Qo 




(1,10)(0,-2,0, +2)l 


TT 

Ho 


(1, 10)(0, -2,0,+2)l 


TT 

Ho 




(l,l)(0,-2,0,-4)i 


So 


(l,l)(0,-2,0,-4)i 


So 


1 6 


2(1,16)(0, +l,±l,-ljL 




(l,16j(±l,-l,0,+ljL 


Q± 




2(1, 10j(U, +l,±l,+2ji, 


rj" TT 


/1 "inA/^-Li 1 n o\ 

(l,10j(±l,-l,0,-2)L 


II 




2(1,1)(0,+1,±1,-4)l 




(l,l)(±l,-l,0,+4)i 


s± 


1 D 


(1, 16)(±1,-1,0, +ljL 


Q± 


o/'"i "ii3\/n 1I J_i 1^ 

2(1, 16j(0,+l,±l,-l)L 






(1,10)(±1,-1,0,-2)l 


H± 


2(1, 10)(0,+l,±l,+2)i 


^+±,^-± 




(l,lj(±l,-l,U,+4ji 


Q 


0/1 '\\(C\ 1 1 _L1 yi^ 

2(l,lj(U, +l,±l,-4jL 


c c 


T2 


(2,1)(0,0,±3,0)l 


D± 


2(l,l)(0,-3,±3,0)i 






(1,1)(±3,+3,0,0)l 


u± 






U{1) 


(1/^6, 1/3^2, 1/^6, 1/6) 




(1/^6, 1/3^2, 1/^6, 1/6) 





TABLE IX. The masslcss spectra of the two 50(10) models Tl(l, 1) and r2(l, 1) both with 
gauge symmetry SU (2)i (g) 5*0(10)3 (gi U (1)'^. The U (1) normalization radii are given at the bottom 
of the Table. The gravity, dilaton and gauge supermultiplets are not shown. 
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SI 



Field 



SU{3) SU{6) ® U{lf 



Q'^-charges in S'?7(3)" 



{Hi,H2,H3)_i/2 



U 



To 

a 



± 



1,35)(0,0,0)l 

1,1)(0,0,0)l 

1,1)(+6,0,0)l 

3,1)(0,0,-4)l 

1,1)(-3,±3,±3)l 

3,l)(+3,-3,+l)i 

l,l)(-3,±3,±3)i 

3,1)(+3,-3,+1)l 



(0,0,0) 
(0,0,0) 
(0,0,0) 
(0,0,0) 
(0,0,0) 
(0,0,0) 
(0,0,0) 
(0,0,0) 



0,0, +1) 
0,0, +1) 
0,0, +1) 
0,0, +1) 
+1,0,0) 
+1,0,0) 
0,+l,0) 
0,+l,0) 



_1 _1 +1 
_i _i +1 

2' 2'^2 

_i _i +1 

2' 2'^2 

_i _i +1 

2' 2'^2 

+1 _1 _1 

^2' 2' 2 
^2' 2' 2 

_1 .1 _1 

2'^2' 2 
_i +1 _1 



T3 



Si 
S'o 

Fl 
Si 
Fi 
Si 
Fl 
Si 



1,6)(+1,0,+2)l 

1,6)(+1,0,+2)l 

1,6)(+1,0,+2)l 

1,15)(+1,-1,-1)l 

1,6)(-2,+1,-1)l 

1,15)(+1,-1,-1)l 

l,6)(-2,+l,-l)i 

1,15)(+1,-1,-1)l 
l,6)(-2,+l,-% 



-5(61,61,61) 
■5(61,62,62) 
-5(61,63,63) 
■5(63,62,63), 
■3(63,62,63), 
■5(63,63,61), 
■5(63,63,61), 
■5(63,61,62), 



5(62,63,62) 
3(62,63,62) 
5(62,61,63) 
5(62,61,63) 

5(62, 62, 61) 
5(63, 61, 62), -5(62, 62, 61) 



+ i +i 

^ 3 ' ^ 3 

+ i +i 
^3' ^3 

+ i +i 

^3' ^3 

^ 3 ' ^ 3 

+ i +i 

^3' ^3 

+ i +i 

^ 3 ' ^ 3 

+ i +i 

^3' ^3 

+ i +i 
^3' ^3 

+ i +i 
^ 3 ' ^ 3 



, ■^~5; 

+ i' 
+ i^ 

' +3^ 



1 

'6' ■ 
1 

6 ' 
1 

6' 

1 
'6' 

1 
'6' 

1 
'6' 

1 

6' 
1 

6' 
1 

6' 



1 _1 

"6' 6 
1 _1 
6' 6 
1 1 
6' 6 
1 _1 

'6' 6 
1 1 

"6' 6 
1 _1 

"6' 6 
1 _1 

'6' 6 
1 _1 
6' 6 
1 _1 

"6' 6 



re 
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F3 



1,6)(+2,+1,+1)l 
1,15)(-1,-1,+1)l 

1,6)(+2,+1,+1)l 
l,15)(-l,-l,+l)i 

1,6)(+2,+1,+1)l 
1,15)(-1,-1,+1)l 



(-61/6,61/3,61/3) 
(-61/6,61/3,61/3) 

(-ei/6, 62/3, 62/3) 
(-61/6,62/3,62/3) 
(-61/6,63/3,63/3) 
(-61/6,63/3,63/3) 



^6' ^6' ^3^ 

^ 6 ' ^ 6 ' ^ 3 ^ 
+ 1 +1 +2^ 
^ 6 ' ^ 6 ' ^ 3 ^ 
I 1 I 1 I 2^ 



6' 
1 



+ 6' +6' +3/ 

+ i +i +^) 
^6' ^6' ^3/ 



1 

'3' 
1 

3- 

1 

3' 
1 

3' 
1 

'3' 

1 

3' 



,1 +1 

3 ' I fi 



3 

-i + 

-i + 

3' ^6 
.1 . 1 

3' ^6 
_1 +1 



T2 



T+ 
To 
T_ 

U± 



3,1)(+3,-3,-1)l 
3,1)(-3,+3,+1)l 
3,1)(-3,-3,-1)l 
1,1)(+3,±3,t3)l 



(61/2,0,0) 
(61/2,0,0) 
(-61/2,0,0) 
(-ei/2,0,0) 



+i,+i,0) 
+i+i,0) 



0,0, 
0,0, 
0,0, 
0,0, 



U{1) 



3^2' 2^3' 



2^3^ 



(1,1,1) 



(1,1,1) 



TABLE X. The Q^- and if-char ges (in the —1 and —1/2 pictures) for the massless fields 
of the 5*1 model. The U{1) normalization radii for the G- and i?-charges are given at the bottom 
of the Table. 
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S2 



Field 



SU{2f SU{Iq) ® U{lf 



Q^-charges in SU{^f 



{Hi,H2.,H^)-i 



{Hi,H2,H3)_i/2 



U 



Uo 
d+± 



(1,1,35)(0,0,0)l 

(1,1,1)(0,0,0)l 

(1,1,1)(0,0,-6)l 

(2,1,1)(±2,0,+3)l 

(1,2,1)(±1,^3,+3)l 

(1,2,1)(±1,t3,+3)l 



(0,0,0) 
(0,0,0) 

(0,0,0) 
(0,0,0) 
(0,0,0) 
(0,0,0) 



0,0, +1) 
0,0, +1) 

0,0, +1) 
0,0, +1) 
+1,0,0) 
0,+l,0) 



_1 _1 +1) 

2' 2' ^2/ 
2' 2' ^2/ 

2' 2'^2'' 

_i _i +1) 

2' 2' ^2/ 

1 1 1\ 



+ 



2' 2' 2' 
2' ^2' 2) 



T3 
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(1,1,15)(0,0,+2)l 

(1,1,15)(0,0,+2)l 

(l,l,15)(0,0,+2)i 

(1,1,6)(±1,t1,-1)l 

(1,1,6)(±1,t1,-1)l 

(l,l,6)(±l,+l,-l)i 

(1,1,6)(±1,t1,-1)l 
(1,1,6)(±1,+1,-1)l 

(1,1,6)(±1,t1,-1)l 



-(ei/3, ei/3,ei/3) 
-(61/3,62/3,62/3) 
-(61/3,63/3,63/3) 
-(63/3,62/3,63/3) 
-(62/3,63/3,62/3) 
-(63/3,63/3,61/3) 
-(62/3,61/3,63/3) 
-(63/3,61/3,62/3) 
-(62/3,62/3,61/3) 



+ 



3' 



+ 3' + 

+h + 
+h + 
+i + 
+h + 



3 ' ' 3 / 
3 ' ^ 3 / 
3 ' ^ 3 / 
3 ' ^ 3 / 
3 ' ^ 3 / 
3 ' ^ 3 / 
3 ' ^ 3 
3 ' ^ 3 / 
3' ^3^ 



.1 _1 
6' 6' 6) 

6' 6' 6) 
.1 _i _1) 

6' 6' 6/ 
.1 _i _1) 

6' 6' 6/ 

6' 6' 6/ 
.1 _i _i) 

6' 6' 6/ 
.1 _i _i) 

6' 6' 6/ 

6' 6' 6> 
.1 _1 _1) 
6' 6' 6/ 



re 



Si 

Si 

si 



(1,1,6)(±1,±1,+1)l 
(1,1,6)(±1,±1,+1)l 
(1,1,6)(±1,±1,+1)l 



(-61/6,61/3,61/3) 
(-61/6,62/3,62/3) 
(-61/6,63/3,63/3) 



+ i +- +-) 

^ 6 ' 1^ 6 ' ^ 3 

+ i +i +^) 
^ 6 ' ^ 6 ' ^ 3 

+ i +i 



1 
■3' 
1 

■3' 3 
1 

'3' 3 



3' 

i +i) 

3' ^6'' 
3 ' ^ fi / 



T2 



d± 



(2,2,1)(±1,+3,0)l 
(1,2,1)(±1,±3,-3)l 



(61/2,0,0) 
(-61/2,0,0) 



+ 



io) 
+i+io) 



0,0, 
0,0, 



*^2' 2v^' 3%/2^ 



(1,1,1) 



(1,1,1) 



TABLE XL The G-, Q^- and iJ-charges (in the —1 and —1/2 pictures) for the massless fields 
of the S2 model. The ^7(1) normalization radii for the G- and iJ-charges are given at the bottom 
of the Table. 
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S3 



Field 



SU{3) SU{6) U{iy 



Q'^-charges in SU{3y 



{Hi,H2,H3)_i/2 



U 



To 

T+ 

U± 



1,35)(0,0,0)l 

1,1)(0,0,0)l 

1,1)(+6,0,0)l 

3,1)(0,0,-4)l 

3,1)(+3,-3,-1)l 

3,1)(-3,+3,+1)l 

3,l)(-3,-3,-l)i 

1,1)(+3,±3,t3)l 



(0,0,0) 
(0,0,0) 
(0,0,0) 
(0,0,0) 
(0,0,0) 
(0,0,0) 
(0,0,0) 
(0,0,0) 



0,0, +1) 
0,0, +1) 
0,0, +1) 
0,0, +1) 
-1,0,0) 
-1,0,0) 
0,-1,0) 
0,-1,0) 



^2' ^2' ^2/ 
T^2' ^2' ^2/ 

T^2' ' 2' ^2/ 
T^2' ^2' '2/ 
2 ' ^ 2 ' 2 / 
2 ' ^ 2 ' 2 / 

.1 _1) 

2' 2/ 



+ 



~2i 2' 2/ 



r3 
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53 



1,6)(+1,0,+2)l 

l,6)(+l,0,+2)i 

l,6)(+l,0,+2)i 

1,15)(-1,-1,+1)l 

1,6)(+2,+1,+1)l 

1,15)(-1,-1,+1)l 

1,6)(+2,+1,+1)l 

1,15)(-1,-1,+1)l 

l,6)(+2,+l,+l)i 



(0,-ei/3,-ei/3) 
(0,-62/3,-62/3) 

(0,-63/3,-63/3) 

(0,ei/3,ei/3) 

(0,ei/3,ei/3) 

(0,62/3,62/3) 

(0,62/3,62/3) 

(0,63/3,63/3) 

(0,63/3,63/3) 



3 ' ^ 3 
3 ' ^ 3 / 

3' ^3^* 
_i +2x 

3 ' ^ 3 
_1 +2x 

3' ^3'' 
.1 +2) 

3' ^3'' 
_i I 2a 

3' ^3'' 
.1 +2n 

3' ^3/ 



^2' 6' 6/ 
^2' 6' 6'' 
^2' 6' 6/ 
^ 2 ' ^ 6 ' ' 6 / 
^2' ^6' '6/ 
^2' ^6' 
^2' ^6' ^6'' 
^2' ^6' ^6/ 
^2' ^6' ^6/ 



T6 



Si 



l,6)(-2,+l,-l)i 

1,15)(+1,-1,-1)l 

1,6)(-2,+1,-1)l 

1,15)(+1,-1,-1)l 

l,6)(-2,+l,-l)i 

1,15)(+1,-1,-1)l 



2 ' 



£2 

3 • 



63 - 

3 ' 



_£2 _e3^ 
V 2 ' 3 ' 3 /' 



. 2 ' 

s2 



. 2 • 

^2 



2 • 

^2 



3 
.£3. 
3 

63 

3 



3 /' 

3 ^' 
.62 



3 ■ 
3 ■ 



),-( 
),-( 



(e^ 63 

V 2 ' 3 ' 

^ 2 ' 3 ' 
^ 2 ' 3 ' 

^6^ 61 

V 2 ' 3 ' 

62 



62 \ 

3 ^ 
3 

ea\ 
3 

63) 

3 / 
^\ 



3 ' 

62 

3 ' 



.1 I 1^ 
6' ^3^ 

6' ^3^* 



1 +1^ 
6' ^3^ 

6' ^3> 

fi' ~3^ 



1 
'2' 

1 
'2' 

2 ' fi 1 ^ S ^ 
1 
"2' 
1 

2' 
1 

'2' 6 



0,+i,- 
0,+i,- 
0,+i,- 
0,+ 



6> 

1 _1> 
3' 

+i -i^ 
+i -i^ 



T2 



1,1)(-3,+3,+3)l 
1,1)(-3,-3,-3)l 
3,1)(+3,-3,+1)l 



(ei/2,0,0),(-ei/2,0,0) 
(61/2, 0,0),(-ei/2, 0,0) 
(61/2, 0,0), (-61/2, 0,0) 



1 

2' 

1 

'2' 

1 

'2' 



-io) 
-io) 
■io) 



0,0,-i) 
0,0,-i) 
0,0,-i) 



C/(l) 



^3a/2' 2a/3' 2^3'' 



(1,1,1) 



(1,1,1) 



TABLE XII. The Q^- and ii"-charges (in the —1 and —1/2 pictures) for the massless fields 
of the 53 model. The ^7(1) normalization radii for the G- and iJ-charges are given at the bottom 
of the Table. 
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84 



Field 



5^7(2)2 SU{6) U{lf 



Q-^-charges in SU (3)" 



(ii"l,i?2,^3)-] 



{Hi,H2,H3)_i/2 



U 



A± 



(l,l,35)(0,0,0)i 

(1,1,1)(0,0,0)l 

(1,1,1)(0,0,-6)l 

(2,l,l)(±2,0,+3)i 

(2,2,1)(±1,^3,0)l 

(l,2,l)(±l,±3,-3)i 



(0,0,0) 
(0,0,0) 

(0,0,0) 
(0,0,0) 
(0,0,0) 
(0,0,0) 



(0,0, +1) 
(0,0, +1) 
(0,0, +1) 
(0,0, +1) 
(-1,0,0) 
(0,-1,0) 



("'"2' "'"2' "'"2) 
vT^2' ^2' ^2/ 

(+2' ^"2 ' "'"2) 
V 2 ' ^ 2 ' 2 / 

(+1 _1 _i) 



r3 



Si 

Si 
Si 



(l,l,15)(0,0,+2)i 

(1,1,15)(0,0,+2)l 

(l,l,15)(0,0,+2)i 

(1,1,6)(±1,±1,+1)l 

(l,l,6)(±l,±l,+l)i 

(1,1,6)(±1,±1,+1)l 



(0,-ei/3,-ei/3) 

(0,-62/3,-62/3) 

(0, -63/3, -63/3) 

(0,ei/3,ei/3) 

(0,62/3,62/3) 

(0,63/3,63/3) 



(o,-i,+i) 
(o,-i,+i) 
(o>-i>+5) 

(0,-i+i) 



\^2^ 6' 6/ 
^^2' 6' 6/ 
V^2' 6' 6' 
(+2' +6' "'"e) 

(+2' "'"G' "'"e) 



T6 



5U 


(l,l,6)(±l,Tl, 






(l,l,6)(±l,Tl, 


-1)l 
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(l,l,6)(±l,Tl, 






(l,l,6)(±l,Tl, 






(l,l,6)(±l,Tl, 






(1,1,6)(±1,^1, 





(6^/2,-62/3,-63/3) 
(-672,-63/3,-62/3) 

(^2/2, -63/3, -61/3) 
(-eV2, -61/3, -63/3) 
(eV2, -61/3, -62/3) 
(-6^/2, -62/3, -61/3) 



6 ' ^ 3 ^ 



V 2 ' 6:^3 

V 2 ' 6 ' ' 3 > 

V 2' 6'^3^ 

V 2' 6'^3^ 

V 2' 6'^3^ 



(o,+|,- 
(0,+i- 

(0,+|, 

(0,+i 



T2 



(1,2,1)(±1,^3,+3)l 
(1,2,1)(±1,^3,+3)l 



(ei/2,0,0) 
(-61/2,0,0) 



(-i-io) 
(-i-io) 



(0,0, 
(0,0, 



C/(l) 



*^2' 2n/3' 3V2' 



(1,1,1) 



(1,1,1) 



TABLE XIII. The G-, Q^- and iJ-charges (in the —1 and —1/2 pictures) for the massless fields 
of the 54 model. The ^7(1) normalization radii for the G- and iJ-charges are given at the bottom 
of the Table. 
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